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Abstract

This paper develops nonparametric panel quantile regression models with sample selection.
The class of models allows the unobserved heterogeneity to be correlated with time-varying re-
gressors in a time-invariant manner. I adopt the correlated random effects approach proposed
by Mundlak (1978) and Chamberlain (1980), and the control function approach to correct the
sample selection bias. The class of models is general and flexible enough to incorporate many
empirical issues, such as endogeneity of regressors and censoring. Identification of the model
requires that T' > 3, where T is the number of time periods, and that there is an excluded vari-
able that affects the selection probability. I also suggest semiparametric models for practical
implementation of estimation. Based on the identification result, this paper proposes sieve two-
step estimation to estimate the model parameters and establishes the asymptotic theory for the
sieve two-step estimators, including consistency, convergence rates, and asymptotic normality
of functionals. A small Monte-Carlo simulation study with a semiparametric model confirms

that the estimators perform well in finite samples.
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1 Introduction

Sample selection is prevalent in economics. Since the seminal work of Gronau (1974) and Heckman
(1979), sample selection has considerably received a lot of attention from both theoretical and
applied econometrics due to its relevance and importance in many empirical contexts (e.g. Ahn
and Powell (1993), Donald (1995), Das et al. (2003), and Newey (2009)). At the same time, quantile
regression models have become a popular alternative to conditional mean models since the seminal
work of Koenker and Bassett (1978) as they allow to investigate the distribution of the outcome
variable and recover heterogeneous effects. Although many papers have studied sample selection and
quantile regression, the literature on the intersection of them is relatively scarce as most papers have
considered sample selection issues for conditional mean regression models. In particular, sample
selection issues in quantile regression models for panel data have not been well-addressed, whereas
the availability of panel data has become larger.

In this paper, I develop a nonseparable panel quantile model with sample selection and study
identification and estimation of the model. Specifically, I consider the following panel quantile
model:

Yy =m(Xy,Uy),

* (1)
Y;f :DtY; )

where ¢ indicates time, Y,* is an outcome variable of interest, X; is a vector of time-varying covari-
ates, Uy is an unobserved heterogeneity, and D; is a dummy variable indicating if it is selected. The
structural function m is assumed to be strictly increasing with respect to its second argument for
almost all X;.

One of distinct features of the model in (1) is nonseparability between X; and U;. Many papers
in the literature on sample selection develop models and estimators under different sets of assump-
tions, but they share some common feature that they focus on additively separable models. For
quantile regression in the presence of sample selection, Buchinsky (1998) considered an additively
separable quantile regression model for cross-sectional data. The additive separability facilitates
identification and estimation of model parameters, but it considerably restricts the type of het-
erogeneity that can be allowed in a model. Nonseparability is important in quantile regression as
(i) it can allow for various types of heterogeneous effects and (ii) it is less vulnerable to model
misspecification.! Nonseparable quantile regression models with sample selection have been stud-
ied quite recently by Arellano and Bonhomme (2017) and Chernozhukov et al. (2018). While their
models are semiparametric and mainly for cross-sectional data, this paper focuses on nonparametric
quantile regression models for panel data. To my best knowledge, this paper is the first to consider
nonseparable panel quantile regression models in the presence of sample selection.

Panel data models can incorporate time-invariant heterogeneity that may be correlated with
time-varying regressors. When time-invariant heterogeneity is correlated with time-varying regres-
sors, it is called time-invariant endogeneity.> One can resolve time-invariant endogeneity by taking

I Huber and Melly (2015) point out that the additive separability may lead to inconsistency of the estimator in
the linear quantile regression models and propose a test for the structure.

2In the standard linear panel data models, the unobserved heterogeneity Uy is decomposed into two parts: one is
a time-invariant error term, and the other is an time-varying idiosyncratic error. In this paper, I do not explicitly
distinguish time-invariant components in Uy, but the dependence between time-varying regressors and time-invariant
components in the error term is allowed in this paper. The dependence is the main motivation of the fixed effects
model where X; and time-invariant components are correlated in an arbitrary manner.



some differencing-based approach when the model is linear or additively separable, but it is much
harder to deal with time-invariant endogeneity for nonlinear or nonseparable models. To overcome
this difficulty, I consider a correlated random effects (CRE) approach which was originally pioneered
by Mundlak (1978) and Chamberlain (1980). The main idea of the CRE approach is to assume that
the distribution of the unobserved heterogeneity depends on the whole history of the time-varying
covariates. In doing so, one can allow for time-invariant endogeneity as well as improve tractability
of the model.

This paper provides conditions under which the model parameters are nonparametrically identi-
fied. The main idea of the identification strategy in this paper is to utilize variation in some excluded
variables. Note that the model in this paper contains two types of endogeneity - time-invarant endo-
geneity and endogenous selection. Therefore, it is expected to have at least two excluded variables
for identification. I show that one can use the rich information in panel data to deal with the time-
invariant endogeneity, and this feature of the identification strategy requires that the number of
time periods be greater than or equal to 3 and covariates have enough variation. On the other hand,
I make use of a control function approach to correct for the selection bias, and this requires for an
instrumental variable that varies the selection probability but does not directly affect the outcome.
An exclusion restriction associated with the instrument, together with a conditional independence
assumption, allows to resolve the endogenous selection, and this is a generalization of the approach
of Heckman (1979). Under these standard identification conditions, the structural function of the
outcome variable, which is denoted by m(,-), and the conditional distribution of the unobserved
error term for the selected are nonparametrically identified. I also consider several extensions of the
model to address some important empirical issues such as time-varying endogeneity and censoring.
It is shown that the model in this paper can easily be extended to incorporate those issues, and
therefore the class of models in this paper is very general and flexible.

While the fully nonparametric models are robust to model misspecification, they may not be
tractable in estimation. In this regard, I propose two classes of semiparametric models: (i) semi-
parametric index models and (ii) additively separable models. These classes of models are very
useful in a sense that one can reduce the dimension of some nonparametric object. Then, I provide
conditions under which the parameters of the models are identified.

The identification result suggests a nonlinear optimization problem for estimation that the
selection probability enters as a control function. Based on the identification result, I propose
two-step nonparametric sieve estimation. The method of sieves provides a very flexible and general
way to estimate semi-nonparametric or nonparametric models. The sieve method is also easy to
implement in practice, and therefore it has been widely used. This paper provides the asymptotic
theory for two-step nonparametric sieve estimators, including consistency, convergence rates, and
asymptotic normality of smooth functionals.

Unlike the cross-sectional or time-series data, there are multiple types of data in terms of the
number of individuals and the number of time periods, which are denoted by n and T', respectively,
for panel data models. The relative magnitude between these two quantities defines the data
structure, and this feature of the data structure is very important for panel data models as they
are related to estimation of models. In this paper, I consider a fixed T-panel data model, and the
fixed-T framework renders the model fit into data where T' is much smaller than n. The large-T

framework is frequently used in the literature on nonlinear fixed effects panel models to handle



the incidental parameter problem (Neyman and Scott (1948)).> For panel quantile models with
fixed effects, Koenker (2004), Canay (2011), Kato et al. (2012), and Besstremyannaya and Golovan
(2019) make use of the large-T" framework.* To adopt the large-T framework, however, the number
of time periods in data should be larger than the number of individuals, and this requirement may
not be appropriate to or suitable for some datasets, especially microdatasets or short panel datasets.
In addition, not only the asymptotic properties of estimators, but finite-sample performances also
depend on the magnitudes of n and T.° In this regard, estimators based on the large-T' framework
may be sensitive to the model specification and nature of data. On the other hand, I consider the
fixed-T' framework while incorporating time-invariant endogeneity, and this allows for a much wider
applicability of the model in this paper.

I conduct a Monte-Carlo simulation study with a semiparametric model to examine the per-
formance of estimators in finite samples. The results show that the semiparametric estimators
have negligible biases and small standard deviations, which suggest that they perform well in finite

samples.

Literature This paper is related to the literature on the panel data models with sample selection
(e.g. Wooldridge (1995); Kyriazidou (1997); Semykina and Wooldridge (2010, 2013)).° For panel
data in the presence of sample selection, Wooldridge (1995) and Kyriazidou (1997) propose estima-
tors for panel data models where the outcome variable equation is linear in parameters. Wooldridge
(1995) adopts the Mundlak-Chamberlain device (Mundlak (1978) and Chamberlain (1980)) to han-
dle the time-invariant unobserved heterogeneity and uses the control function approach in the same
spirit of Heckman (1979). The idea of Wooldridge (1995) is extended by Semykina and Wooldridge
(2010) and Semykina and Wooldridge (2013) to incorporate time-varying endogeneity and dynamic
panel data models, respectively. These papers, however, hugely rely on (semi-) parametric as-
sumptions as well as the additive separability of the error term. Kyriazidou (1997) considers the
conditional exchangeability assumption and the additively separable structure of the model. How-
ever, not only the additively separable error structure, but the conditional exchangeability condition
may also fail to hold in some cases.” This paper differs from the aforementioned papers in that it
considers nonseparable quantile regression models for panel data, whereas Wooldridge (1995) and
Semykina and Wooldridge (2010) consider linear conditional mean models.

This paper is also related to the studies in the literature on (nonparametric) identification and
estimation with endogeneity. This literature is too large to list all related papers, and one may refer
to Matzkin (2007) for a comprehensive review. Focusing on sample selection, this paper is closely
related to, for example, Buchinsky (1998), Das et al. (2003), and Newey (2009). The model varies
across them, but they make use of the control function approach to correct for the sample selection

3Fernandez-Val and Weidner (2018) provide a comprehensive review on the literature on large-T panel data
models.

4Canay (2011) originally imposed a condition that n/T* — 0 for some s > 1 to establish consistency and asymp-
totic normality. Under this condition, one may use short panel data where n grows faster than 7. Besstremyannaya
and Golovan (2019), however, point out that the rate condition is not sufficient for existence of a limiting distribution
or for zero mean of a limiting distribution. This result in Besstremyannaya and Golovan (2019) suggests that the
estimator of Canay (2011) does not fit into short panel data.

5The simulation results in Kato et al. (2012) show that the root mean squared error is quite large when T is small
in the location-scale shift model.

60ne can refer to Dustmann and Rochina-Barrachina (2007) for comparison of some estimators including
Wooldridge (1995) and Kyriazidou (1997).

7A related discussion can be found in Altonji and Matzkin (2005).



bias. This paper shares some common with them as the identification strategy in this paper also
utilizes a control function, but differs from them as the model in this paper is nonseparable and for
panel data. As mentioned earlier, Arellano and Bonhomme (2017) and Chernozhukov et al. (2018)
consider nonseparable quantile regression models with sample selection, but their models are more
fitting into cross-sectional data. Furthermore, they consider semiparametric model specifications for
estimation. In contrast, this paper considers a class of nonparametric models with sample selection
for panel data, and the identification or estimation strategy developed in this paper does not impose
such distributional assumptions. As a result, this paper extends Arellano and Bonhomme (2017)
and Chernozhukov et al. (2018) to nonparametric quantile regression models for panel data.

The literature on (nonlinear) panel data models is another area that this paper is closely related
to. One of the features of the model in this paper is that I adopt the CRE approach, and this
approach is also widely used in the literature to address time-invariant endogeneity. Abrevaya and
Dahl (2008) make use of the CRE approach for linear panel quantile regression, but this paper
differs from them as it considers nonparametric nonseparable models. Bester and Hansen (2009)
study identification of the marginal effects in general panel data models with the CRE approach
with a focus on identification of marginal effects, and therefore this paper is different from theirs in
terms of the parameter of interest and identification/estimation strategy. Arellano and Bonhomme
(2016) recently consider CRE specifications and develop a class of tractable nonlinear panel models,
but their identification strategy relies on a high-level condition called injectivity, which is related
to the completeness condition. On the other hand, this paper adopts a control function approach
for identification. For general nonlinear panel data models, Altonji and Matzkin (2005) study
identification and estimation of local average responses (LARs) and structural functions under
an assumption called exchangeability. While the exchangeability condition generally implies some
shape restrictions on the distribution of the unobserved error term, I circumvent to restrict the
shape of the distribution of the error term by taking the CRE approach. Hoderlein and White
(2012), Chernozhukov et al. (2013), and Chernozhukov et al. (2015) study identification of average
structural functions and quantile structural functions, but this paper considers identification and
estimation of the structural functions. Evdokimov (2010) studies identification and estimation
of a class of panel data models, but his identification is based on deconvolution. Therefore, the
identification strategy in this paper is completely different from his. More importantly, none of

them address sample selection issues which are the main focus of this paper.

Outline The rest of this paper is organized as follows. In section 2, I introduce the model and
consider some extensions of the model. Section 3 considers identification of the model, and section
4 presents several semiparametric models. Section 5 proposes two-step sieve estimation based on
the identification result. Section 6 establishes the asymptotic theory for the nonparametric sieve
two-step estimators. Section 8 concludes and discusses future work. All mathematical proofs for

the asymptotic theory are presented in the appendix.

Notation Iintroduce some notation. For a vector A, A" denotes the transpose of A. For a generic
random variable Ay, the support of A; is denoted by Supp(A4;). Let A = (41, Aa, ...,AT)' be the
random vector consisting of A;’s from time period 1 to 7. andlet A_; = (Ay, ..., A1, Apy1, ey AT)/
be the random vector consisting of A,’s from time period 1 to T" but not ¢. I use notation A_; 5 to



denote the random vector consisting of A;’s from time period 1 to 7" but not ¢ and s. Realizations
of A and A are denoted by a and a, respectively.® For two random variables A and B and for any
u € (0,1), Q4 p(ulb) indicates the u-th conditional quantile of A on B = b, and F4 g (alb) is the
conditional distribution function of A given B = b. E[-] is the expectation operator.

2 The Model

I consider the following general non-separable panel data model:
Y? = m(Xtv Ut)v (2)

where Y;* € R is an outcome variable of interest, X; € R% is a vector of time-varying covariates,
and U; € R is an unobserved error term. I assume that m(x,-) is strictly increasing for almost all
x € Supp(X;) for all t = 1,2,...,T and that {U; : ¢t = 1,2,...,T} is stationary. Since the quantile
operator is preserved under a monotone transformation, it is straightforward to see that for any
uel C(0,1),

Qv 1x (ulX) = m(Xy, Qu, x (uX); u). (3)

Note that the structural function m is allowed to vary across quantile levels.

It is common to assume that the unobserved error term U; can be decomposed into time-
invariant individual heterogeneity and time-varying idiosyncratic terms and that the time-invariant
individual heterogeneity may be correlated with X;. For the standard linear panel data model,
such time-invariant heterogeneity can be eliminated by taking difference. For nonlinear models,
however, the approach based on differencing does not work in general.

To overcome the difficulty in identification and estimation of the model with short panels, I
adopt the CRE approach. Specifically, I assume that the conditional quantile function of U; given
X is an unknown function of X. This is motivated by the CRE approach which was pioneered
by Mundlak and Chamberlain (Mundlak (1978); Chamberlain (1980, 1982)). The CRE approach
provides an effective way to deal with the unobserved heterogeneity in nonlinear panel models and
it has been widely considered in the literature. Abrevaya and Dahl (2008) propose a linear panel
quantile model, and Bester and Hansen (2009) investigate identification of marginal effects in a class
of nonseparable panel models.” Both of them utilize some CRE approach to handle the unobserved
individual effects with short panels. Arellano and Bonhomme (2016) recently develop a tractable
estimation strategy for nonseparable panel data models based on the CRE approach.

The class of models in this paper is also related to the correlated random coefficient models in
the literature (e.g. Arellano and Bonhomme (2012); Graham and Powell (2012); Laage (2019)).
For quantile regression, Graham et al. (2018) consider linear panel quantile models with random
coefficients, building upon Graham and Powell (2012). However, the model of this paper differs from
those in that I consider a nonparametric structural function m with a scalar error term, whereas

they consider a parametric structural function for m with a multi-dimensional error structure.

8Note that, however, T use u for the quantile level index throughout the paper, and thus u is not a realization of
the random variable Uy in (1).

9The class of models considered in this paper encompasses the linear panel quantile regression models in Abrevaya
and Dahl (2008) as a special case, and thus it can be viewed as a nonparametric generalization of the linear panel
quantile models with correlated random effects.



Below I present some illustrative examples that fit into the class of CRE models in (3).

Example 2.1 (Random Coefficient Model). Suppose that Supp(X;) = R and that the data gener-
ating process is as follows:
Yy = exp(X)Us.

It is obvious that Qyx (u|X) = exp(Xy)-Qu,x (u|X), and hence the structural function m(x, v;u) =
x -y forallueld C (0,1).

Example 2.2 (Linear Panel Quantile Model). Abrevaya and Dahl (2008) propose a class of linear

panel quantile models as follows:

Y, = X;ﬁ(u) + a(u) + e (u),
a(u) = X 6(u) + c(u),

where a(u) is an unobserved time-invariant heterogeneity, c(u) is an unobserved error term, and
Qe(u)+e: (w) (u|X) = 0. It is straightforward to see that Qy-x (u|X) = X, B(u) + X 6(u) under the
restriction on the model. This class of models is a special case of (3). Specifically, one can set
U = a+ e and m(Xy,v;u) = thﬂ(u) + «v. The conditional quantile of U; given X is equal to
X' 6(u).

Example 2.3 (Panel Quantile Model). Arellano and Bonhomme (2016) consider the following

model as an example:

Y, = X;ﬁ(et) + ad(e),
a=Xp(V),

where for all t = 1,2,...,T, ¢ and V are uniformly distributed conditional on X and « is an
unobserved time-invariant heterogeneity. As pointed out in Arellano and Bonhomme (2016), this
model is a generalization of the standard linear quantile models of Koenker and Bassett (1978) to
panel data. Assuming that the map u — X;ﬁ(u) + X;u(u) - 0(u) s strictly increasing and that €;
and V' are comonotonic, it can be shown that Qyt*|x(u|X) = thﬂ(u) + X/Q(u)é(u).lo Letting Uy =
Xt/{ﬂ(et) —Bu)} + X,,u(V) -0(er), m(z,y;u) = x/ﬁ(u) + v and Qu,x(u) = X,,u(u)é(u) = X/G(u).

In examples 2.2 and 2.3, although there are two unobserved error terms, they can be collapsed
into a scalar error term. While additivity plays the role of putting them together in example 2.2,
comonotonicity of €; and V enables to collapse the error terms into a scalar error in example 2.3
where the unobserved error terms are nonlinearly enter. Therefore, the class of generalized CRE
models in (3) is quite flexible and general.

Based on (2) and (3), I develop a panel quantile model with sample selection. Let Pr(D; =
1|X; = 2,Z; = z) = hy(x,2) be the propensity score (or selection probability), where Z; € R%

is a vector of excluded variables and Z = (71, Zs, ..., ZT)/. The selection probability conditioning

10For the definition of comonotonicity, one may refer to Koenker (2005, p.60).



on X; and Z; is denoted by P; (i.e. P = hy(X¢,Z:)). The random vector W = (Y, X, Z,D)
is observed from the data. In the presence of sample selection, it is well-known that using only
selected observations usually yields a sample selection bias, and thus it is necessary to correct such
a bias. In this paper, I adopt the control function approach to correct the sample selection bias.
The control function approach to sample selection was originally proposed by Heckman (1979), and

it has been adapted to various models. Specifically, I impose the following assumption:

Assumption 1. Let u € U be given. For allt € {1,2,.,T},
Qu,1x,7:,0,=1(u|X, Zs, Dy = 1) = (X, he(Xt, Zt); u), (4)

where r is an unknown measurable function.

Note that r is allowed to take a different form across the quantile level u, and thus one can infer
the conditional distribution function of U; from the conditional quantile function of Uy, r(X, P;; u).
As a consequence, the way to correct the sample selection bias in this paper is to implicitly mod-
ify the conditional distribution function of the unobserved error term, and this is similar to that
of Buchinsky (1998). However, it is different from the way that is considered in Arellano and
Bonhomme (2017) or Chernozhukov et al. (2018) in that I do not impose any parametric or semi-
parametric structure on the conditional distribution of U;. In sum, I consider the following model
in this paper:

Yyt =m(X, Uy),
Y; = DY}, (5)
QUt|X’Zt’Dt:1(u|X, Zy, Dy = 1) = r(X, he (X, Zt); u).

From (5), it is straightforward to see that

Qv,1x,2,,0,=1(u|X, Zs, Dy = 1) = m(Xy, Qu,1x,2,,0,=1(u|X, Zt, Dy = 1))
= m(Xe, r(X, he( Xy, Zy);u); u). (6)

Assumption 1 shares a common feature with the models of Buchinsky (1998), Das et al. (2003)
and Newey (2009) in that the selection bias is adjusted by including a control function, and this can
be considered as a generalization of the control function approach in Heckman (1979). This paper,
however, differs from Buchinsky (1998) in that neither any parametric restriction nor additivity of
the error term is imposed on model (5).!' Therefore, this paper extends the additive semiparametric
quantile models for cross-sectional data in Buchinsky (1998) to nonseparable quantile regression
models for panel data. Das et al. (2003) and Newey (2009) study identification and estimation of
nonparametric sample selection models with an additive error term. This paper differs from them
in that model (5) does not impose such an additive separability and thus it allows much various
types of heterogeneity. In addition, this paper considers quantile regression, whereas they focus on
conditional mean functions.

The structural functions m and r are related to many objects of interest. I first define the local

structural function (LQSF) in time ¢ as follows:

M Buchinsky (1998) considers a class of models where m is characterized by some finite-dimensional parameter.
Specifically, his model is written as m(X,¢) = X’ﬁ + €.



Definition 2.1 (Local Quantile Structural Function (LQSF)). The local u-th quantile structural
function (LQSF) at (X, (X, P;)) = (x,7) in time t is

q

local
t

(uv'ra’y) = QYt*|Xt,7‘(X,P¢)(u|Xt = :C?T(X7Pt) = ’Y)

Note that the definition of the LQSF is similar to, but slightly different from that of Fernandez-
Val et al. (2019). It is straightforward to see that the structural function m(z,~;w) in this paper
corresponds to the LQSF. Related to the LQSF, one can consider the quantile structural function
(QSF) which was introduced by Imbens and Newey (2009). The following definition of the QSF is
a generalization of the QSF in Imbens and Newey (2009) to that for panel data:

Definition 2.2 (Quantile Structural Function (QSF)). The u-th quantile structural function (QSF)
in time t evaluated at X; = x s

qi(u,z) = E[qiocal(u, x, (X, P;))].

The LQSF and QSF are parameters of interest in many empirical analyses and closely related to
the (local) quantile treatment effect of changing X;. To make it concrete, I provide the definitions

of the local and the average quantile treatment effects of X; below:

Definition 2.3 (Local Quantile Treatment Effect (LQTE)). The u-th local quantile treatment effect
in time t of changing X; from xg to x1 at r(X, Py) = is

LQTEy(u, w0, 1,7) = ¢;° (u, 21,7) — ¢°°* (u, 20,7)

Definition 2.4 (Quantile Treatment Effect (QTE)). The u-th average conditional quantile effect

in time t of changing X; from xg to x1 is

QTE(u,xg, 1) = /qiocal(u,xl,r(x,h(x,z))) — qiocal(u,xo,r(x,h(x,z)))deyzt (x,2)
= qt(uu 301) - Qt(U79€0)~

If X, is continuous, then the LQTE and QTE can be interpreted as the local and average
marginal effects, respectively. Many objects that are similar to the LQTE or the QTE are considered
in the literature on nonseparable panel data models (e.g. Altonji and Matzkin (2005); Bester and
Hansen (2009); Imbens and Newey (2009); Hoderlein and White (2012); Chernozhukov et al. (2013,
2015)). It is clear to see that the LQTE and QTE are functionals of the structural functions m and
r from the definitions.

3 Nonparametric Identification

3.1 DMain Results

In this section, I consider identification of the model parameters. The identification strategy is
based on the model implication in (6), and the main objects of interest in (5) are m(-,-;u) and
r(-,-;u). Note that the conditional selection probability at time ¢, h:(x, z), is identified from the



data. As shown earlier, one can answer many questions that are empirically relevant, such as the
marginal effect of X; on the conditional quantile of Y,*, through identification of these objects. To

achieve identification of m(-,-;u) and r(-,-;u), I impose the following assumption:
Assumption 2. Let T > 3. For any u € U C (0,1), the following conditions hold:

(i) For each t = 1,2,...,T, there exists a known value T(u) € Supp(X;) C R% such that
m(z(u), v;u) =7 ;

(i) Let x € Supp(Xy) and v € Supp(r(X, h(Xy, Z¢))) be given. For any t,s € {1,2,...,T} with
t# s, there exists a non-empty subset X_; o(x,Z(u)) of Supp(X_t o|(Xt, Xs) = (z,7(u))) and
such that, for any x_; s € X~_t7s(x,a?(u)), r(x0,p) = 7 for some p € Supp(h(z, Z)|X = x¢)
and Pr(X_; s € X_; o(x,%(u))) > 0, where xo = (X; = 2, X, = T(u)), X 1.6 = X_1.);

(iii) For any t = 1,2,....,T and for any x € Supp(X;) and z € Supp(Z;) C R, there ewists a
non-empty set Z5(z) C Supp(Zs) for some s € {1,2,...,T} such that, for any Z € Z,(2),
hi(z, z) = hs(Z(u), 2) and Pr(Z, € Z4(z)) > 0.

Condition (i) is a normalization. Theorem 3.1 in Matzkin (2007) implies that it is necessary to
impose a normalization to identify function m(-,-;u). Note that the value Z(u) may differ across
the quantile indices, but I assume that Z(u) remains the same across u € U for simplicity.

Condition (ii) is implied by sufficient variation in X_; . This variable can be viewed as an
excluded variable that provides a source of exogenous variation to r while fixing X; and X, for
some t and s. To illustrate how this condition is used for identification, consider the linear panel
quantile model in Example 2.2 with assuming that 7' = 3 and d, = 1. In addition, I ignore the
sample selection issues, and therefore Y,* is observed for everyone, to elucidate the role of condition
(ii) in identification analysis. Note that Z(u) = 0, m(z,7) = x8(u) + v, and r(x) = x 6(u).
Let € Supp(X1) be given. Then, one can show that Qyx(u|Xo) = z8(u) + r(Xo) and that
Qy;x (u|Xo) = r(Xo) = 261 (u) + X303(u), where 6(u) = (61 (w), 82 (u), 65(u)) and Xo = (2,0, X3) .
Condition (ii) ensures that one can find a set of values of X3 such that for a given v € Supp(r(X)),
xd1(u)+X3d3(u) = . Therefore, a necessary condition in this illustration that guarantees condition
(ii) in Assumption 2 is that d5(u) # 0. If X3 has enough variation conditioning on X; = «
and Xo = 0 and d3(u) # 0, then condition (ii) for this example is satisfied. This is similar to
Assumption 2 in Imbens and Newey (2009) that a large support condition for the excluded variable
is satisfied. Since the model in this paper allows for time-invariant endogeneity and it is captured
by the CRE specification, X; can be considered endogenous (in the time-invariant manner), and
the covariates in other time periods are used as an excluded variable that helps resolve the time-
invariant endogeneity. It is worth pointing out that more than three time periods gives additional
exogenous variation that can be used to identify the structural functions and therefore having more
than 3 time periods provide additional identification power.

A related assumption to condition (ii) is exchangeability considered by Altonji and Matzkin
(2005). Exchangeability typically places some restriction on the admissible class of functions for r,
it may help weaken assumptions on variation in the excluded variable. Compared to the exchange-
ability assumption, condition (ii) is likely to require stronger conditions on the support of X_; s,
but it does not impose any shape restrictions on the class of functions that r belongs to. More

importantly, exchangeability may not be plausible to be assumed with panel data where ¢ indicates
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time. Exchangeability is related to symmetry of the effects of covariates on the distribution of
the unobserved error term, and thus the effect of a change in X is the same (or similar) to that
of a change in X; for some t # s. In this regard, exchangeability may be consistent with some
variants of the form in Mundlak (1978) in a sense that the correlated random effects specification
of Mundlak (1978) is the average of X;’s over time and therefore the effects of X; and X, with
t # s are symmetric. On the other hand, I do not impose such restrictions on the model so that
one can consider more flexible specifications for . One can refer to Altonji and Matzkin (2005,
pp-1062-1066) for further discussion on the exchangeability condition and CRE approach.

Condition (iii) requires variation in the excluded variable Z;, which is an instrumental variable.
This condition also requires that the excluded variable Z; affect the selection probability, so one
can use the variation in Z; and Z, to match the selection probabilities in time periods ¢ and s.
This condition is needed to deal with the endogenous selection. For illustration, suppose that
D, = 1(X¢ + Zyw > v;), where v, ~ N(0,1), (X¢,Z¢) L v and d, = d, = 1. Then, for
given x € Supp(X), Pr(D;y = 1|X; = z,Z;) = ®(a( + Zyw) and Pr(D, = 1|1 X, = z(u), Z,) =
O(Z(u)¢ + Z4m), where ® is the standard normal distribution function. In this case, condition (iii)
in Assumption 2 is satisfied if 7 # 0 and variation in either Z; or Z; is large enough. The former
condition m # 0 corresponds to the standard relevance condition for instrumental variables, and
such relevance conditions are usually required for nonparametric identification with endogeneity.
The latter condition which is about variation in Z; (or Z,) is similar to the large support condition
in Imbens and Newey (2009). Similar assumptions to condition (iii) can be found in, for example,
Altonji and Matzkin (2005) and Vytlacil and Yildiz (2007).

An informal description of the identification strategy in this paper is as follows: Fixing X; = x,
the information in time period s, together with the normalization, is used to derive an expression
for r at (X;,X;,Xlt,s)/ = (SL’I,.’E(U)/7X;t’5)/ and hs(Z(u), Zs). Then, one can utilize the variation
in X_;, Z;, and Z, to find values x¢ and p such that r(xg,p) = v € Supp(r(X, h(Xy, Z1))).
Taking average over such values yields identification of m(x,~;u) over Supp(X:, (X, he( X, Z¢)))
for each t = 1,2,...,T. Then, one can identify r(x,p) for all (x,p) € Supp(X, hi(Xy, Z;)) by taking
average of the inverse map of m conditional on X = x and h;(X;, Z;) = p. The following theorem

demonstrates that Assumption 2 are sufficient for identification of m(-,-;u) and r(-,-;u) in (6).

Theorem 3.1. Let u € U be given. Suppose that Assumptions 1 and 2 hold. Then, for each
t=1,2,....,T, m(-,;u) is over Supp(X¢, (X, ht(Xy, Zt))). Furthermore, r(-,-;u) is identified over
the set UL Supp(X, he(Xy, Zy)).

Proof. T drop u in functions m and r for simplicity of notation. Let Xy = (X; =z, X, = 7, X_; ).
Note that h(X¢, Z;) is directly identified from the data. Then, one can show that under Assumption
2,

Qv 1x,z,,0,=1(u|Xo, Zs) = m(x,r(Xo, Hy)),
Qv,1x,z.,0,=1(u|Xo, Zs) = 7(Xo, Hys),

where Hyo = Pr(D; = 1| Xy = 2, Z;) and Hyg = Pr(D; = 1| X = T, Z). Let v € R be given, then

it is straightforward to see that
m(z,7) = E[Qy,x,2,,0,=1(uXo, Z:)|Qy, x,2,,0.,=1(u| X0, Zs) = v, Hio = Hyo]. (7)
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The conditioning event in (7) has a positive measure by conditions (ii) and (iii) in Assumption 2,
and therefore m(z, ) is identified.
Since m(-, -; u) is assumed to be strictly monotone in its second argument, there exists the inverse

mapping with respect to the second argument. From (6), one obtains that

T(X7Pt) = m_l(Xta QYt|X,Zt,Dt:1(u|X7 Zt))7

where m~!(z,y) is the inverse mapping of m(z,e) with respect to e that is identified.'* For any
(x,p) € Supp(X, P;), one obtains that

r(x,p) = E[m71($7 QYt|X,Z,Dt:1(U|Xa 7))|X = x, hi(x, Z;) = pl,
and this establishes identification of r(x,p) over Supp(X, h(X+, Z;)) for each t = 1,2,...,T. [ |

The LQTE and QTE are objects that may be important and relevant to policy evaluation. These
objects are functionals of the structural functions m, r, and h, and thus they are identified once
those structural functions are identified. The following corollary demonstrates that the LQTE and
QTE are identified under the same set of conditions for identification of the structural functions.

Corollary 3.2. Suppose that the conditions in Theorem 3.1 hold. Let t € {1,2,...,T} and xo,x1 €
Supp(Xy) be given. Then, for any v € Supp(r(X, ht(X¢, Z:);u)), LOQTE:(u, xg,21,7) is identified.
In addition, QT E(u,xq, 1) is also identified.

Proof. Recall that m(x,v;u) = ¢.°“®(u,z,7). Since m and r are identified by Theorem 3.1, one
obtains that

LQTEt(U’7 SL’O,.Z'],’Y) = qyltocal<ua$l7’7) - qiocal(uax0a7>
=E[m(xy, (X, h( Xy, Zi);u);u) — m(zo, m(X, h( Xy, Zp);uw); w)|r(X, he (X, Zt);u) = 7).

Note that the conditioning event is of a positive probability because v € Supp(r(X, he(Xt, Zt);u)),
and thus LQT E;(u, 2o, x1,y) is identified. Similarly, it follows from the definition of QT Ey(u, g, 21)
that

QTE(u,xg,z1) = Elm(xy, (X, he(Xe, Ze);u);u) — m(xo, r(X, he (X, Zi);u); u)],

where the expectation is taken over Supp(r(X, hi(X¢, Z¢);u)). Therefore, QT E:(u, xg,21) is also
identified. |

The CRE approach was also adopted by Bester and Hansen (2009) and Arellano and Bonhomme
(2016), and they require that T to be greater than or equal to 3 for identification. The identifi-
cation strategy in this paper, however, is different from theirs. Specifically, Bester and Hansen
(2009) focus on the marginal effects of continuous covariates without completely specifying the
data generating process. They use a derivative argument for identification of the marginal effects.
In contrast, I focus on identification of the structural functions with specifying the data generating
process (equation (1)), and the identification strategy in this paper is to use variation in excluded

variables. The marginal effects in this paper are also identified as a by-product (Corollary 3.2).

124 = m(z,e) if any only if e = m™1(x,y).
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Arellano and Bonhomme (2016) consider nonparametric identification of structural functions, but
the identification strategy in Theorem 3.1 is different from that of Arellano and Bonhomme (2016).
Specifically, Arellano and Bonhomme (2016) use a high-level assumption, called an injectivity condi-
tion, and this condition resembles completeness conditions that are commonly used in the literature
on nonparametric identification (e.g. Newey and Powell (2003) and Blundell et al. (2007)). The
injectivity condition, however, is relatively difficult to interpret and verify in practice. More im-
portantly, estimation and inference may suffer from an ill-posed inverse problem which leads to a
slower convergence rate. On the other hand, the identification strategy in this paper does not rely
on completeness conditions, and hence it is not subject to an ill-posed inverse problem.

The identification strategy in Theorem 3.1 does not require to specify the distribution of the
unobserved error term. In contrast, Arellano and Bonhomme (2017) and Chernozhukov et al. (2018)
consider some semiparametric specification of the joint distribution of Y* and D. Furthermore, both
papers focus on quantile regression models for cross-sectional data, whereas this paper considers
models for panel data.

The implication of model (equation (6)) is similar to that of Lewbel and Linton (2007) or
Escanciano et al. (2016), and hence the identification strategy of this paper shares some common
with their strategies. However, the models of the papers are different from that of this paper.
Specifically, the model of Lewbel and Linton (2007) differs from (6) in that they assume that
X; is excluded from X and that the selection probability does not depend on X;. Therefore,
their identification strategy cannot be directly applied to identify m and r in (6). Escanciano
et al. (2016) study a class of models where there are two index functions and m relates these two
index functions.'® The focus of Escanciano et al. (2016) is on identification and estimation of the
finite-dimensional parameter in one of the index functions, but this paper studies nonparametric
identification and estimation of (6) without specifying an index function for X;, which allows for
more flexibility of the model.

While the linear correlated random coefficients models allow for multi-dimensional error terms,
the identification comes at cost of a larger (but fixed) number of time periods (e.g. Arellano and
Bonhomme (2012); Graham and Powell (2012); Graham et al. (2018); Laage (2019)). In contrast,
this paper imposes a scalar error term, but identification requires T be greater than equal to 3
with some support condition. The requirement for T is much weaker than that in the correlated
random coefficients models where T' should be greater than or equal to the number of covariates. In
addition, the model in this paper is completely nonparametric, whereas most of correlated random

coefficients models are parametric or semiparametric.

3.2 Extensions

In this section, I discuss some extensions of the panel quantile models with sample selection in
Section 2. I consider (i) endogeneity of X; and (ii) censoring, which are useful and relevant to many
empirical situations. I show that model (5) can be easily extended to incorporate these issues.

13 One of the index functions is a linear-index function, and the other one is a known function from data.

13



3.2.1 Endogenous Regressors

Endogeneity issues are prevalent in many empirical questions. The CRE specification effectively
captures “time-invariant” endogeneity, but some regressors may exhibit “time-varying” endogene-
ity.!* The model implication in (6) is closely related to the control function approach to deal with
sample selection bias, and it can be extended to allow for endogeneity of X;. To make it concrete,
suppose that X; = (Xf/ , X;)/, where X7 is a vector of endogenous regressors and X, is a vector of
exogenous regressors. For brevity of the model, I assume that X§ € R, but it can be easily extended
to the case where X¢ is a vector. Assume that and Z; = (Z;, Zs,) , and consider the following
class of models:

Y =m(Xe, Uy),:

Y = DYy,

Xi =q(Zat, V1),

Qu,1x.2.p=1(u|X, Z¢, Dy = 1) = r¢(X, Vy, he (X, Z14); ),

(8)

where V; € R is unobserved and independent of Zs;, and ¢(z2,v) is a non-trivial function of zy
and strictly increasing in v for all zo. Without loss of generality, V; is assumed to be uniformly
distributed on the unit interval, conditional on Zs;. Model (8) is closely related to the sample
selection model with endogeneity that is studied by Das et al. (2003). The conditional quantile
restriction on U, in model (8) implies that, conditional on V;, Xf is no longer endogenous, and

hence the following model implication is obtained:
Qy,1x,z,0,=1(u|X,Z, Dy = 1) = m(Xe, (X, Vi, he (X, Zat);u); ). 9)

This extends the control function approach to handle the sample selection bias that is presented in
(6) to a more general case where some regressors are endogenous. The variable V; plays the role
of a control function to handle endogeneity of X7, and needs to be estimated in the first-stage.
Since the model implication (6) suggests that the selection probability h:(X;, Z;) plays the role
of control function to correct selection bias, the roles of hi(Xy, Z;) and V; are almost the same.
Similar approaches for cross-sectional data models are considered by, for example, Newey et al.
(1999), Lee (2007), Imbens and Newey (2009), and Chernozhukov et al. (2015). For panel data
models, Semykina and Wooldridge (2010) develop a class of models that is similar to (9), but their
focus is on the conditional mean function with additively separable error terms.

3.2.2 Censoring

Censoring is an issue that empirical researchers frequently face. I consider the following censoring

rule with sample selection:

Y7 =m(Xe, Uy),
Y: = Dy - max(Y}", Cy),

14 As mentioned earlier, the CRE specification is closely related to the dependence between the regressors and
time-invariant unobserved heterogeneity, which is commonly assumed in fixed effects models. On the other hand, T
use the term time-varying endogeneity to allow for dependence between the regressors and time-varying components
of the error term U;. See also Laage (2019).
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where C’s are fixed constants. Since the quantile operator is preserved under monotone trans-
formations, quantile regression models can easily incorporate censored data in a similar fashion of

Powell (1986). Specifically, one can show that

Qv,1x,z,,0,=1(u|X, Zt, Dy = 1) = max(Qy|x,z,,p,-1(u|X, Z;, Dy = 1), C}),

and the conditional quantile function of Y;* is the same as (6). It is worth noting that one can
simultaneously incorporate endogeneity and censoring, as in Chernozhukov et al. (2015). This
result can be further extended to the Tobit type-3 model considered by Fernandez-Val et al. (2019).
The model of Fernandez-Val et al. (2019) is different from that of this paper in that the selection
rule in their model is not binary and that the error term in the outcome equation can be multi-
dimensional, and their identification strategy relies on the control function approach of Imbens and
Newey (2009). Nevertheless, the model in this paper can incorporate such a class of selection rules

with the control function approach as shown earlier.

4 Semiparametric Models

While fully nonparametric models are attractive as they are robust to model misspecification,
one important and practical issue is that it is difficult to estimate parameters in them when the
dimension of covariate is large. Although the CRE approach allows us to consider flexible and
general models, the number of covariates involved in estimating parameters can be very large and
thus the fully nonparametric model presented in the previous section may not be practically useful.
To address such issues, I propose some semiparametric models and study identification of parameters

in those models.

4.1 Index Models

One can impose an index structure on the structural function r , and this is originally motivated
by the original CRE approach of Mundlak (1978) and Chamberlain (1980). Specifically, I impose
the following assumption.

Assumption 1’. Let u € U be given. For allt € {1,2,...,T},
Qu,x.z,,0,=1(u|X, Zs, Dy = 1) = r(X 8(u), Py), (10)

where § = (6,04, ...,07) and &; € R% for all t.

The index structure is consistent with the CRE specification of Chamberlain (1980) and reduces
the dimension of the structural function r, while allowing for nonseparability between the index
and P;. This semiparametric specification requires additional assumptions for identification of the
index coefficient vector ¢, and these assumptions depend on X; being continuous or discrete. To
make the role of each type of regressor, I assume that X; = (Xtcl, Xﬁl)/, where X{ € R%-« is a vector
of continuous regressors and X¢ € R%-4 is a vector of discrete regressors. Consequently, I partition

’

the coefficient § into two parts. That is, T assume that 6, = (5¢, 8¢ ), where 6¢ = (65,,85;, ..., 05 ,)

xc

and 6¢ = (6¢,,64,, ..., (5gwdt)/, and impose the following assumption.
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Assumption 2'. Let T > 3. For any u € U C (0,1), the following conditions hold:

(i) For each t = 1,2,...,T, there exists a known value T(u) € Supp(X;) C R% such that
m(z(u), v;u) =7 ;

(ii) Let x € Supp(X:) and v € Supp(r(X/(S,h(Xt,Zt))) be given. For any t,s € {1,2,...,T} with
t # s, there exists a non-empty subset /f’fts(x,g’c(u)) of Supp(XLt’s(Lt’sKXt?Xs) = (z,Z(u)))
and such that, for any x_; s € ngtys(:c,f(u)), r(xy0,p) = 7y for some p € Supp(h(z, Z,)|X =
x0) and Pr(X_; , € X4 o(z,%(u))) > 0, where xo = (X; = 2, X, = 7(u)), X _ts = X_1.4);

(iii) For any t = 1,2,...,T and for any x € Supp(X;) and z € Supp(Z;) C R there ewists a
non-empty set Zs(z) C Supp(Zs) for some s € {1,2,...,T} such that, for any Z € Z4(2),
hi(z, z) = hs(Z(u), 2) and Pr(Z, € Z,(z)) > 0.

(iv) 05, =1 for all t.

(v) m(-,-) is differentiable with respect to the second argument, and r(-,-) is differentiable with

respect to the first argument.
(vi) r(-,-) is invertible with respect to the first argument.

Conditions (i), (i), and (iii) in Assumption 2" are almost the same as conditions (i), (ii), and
(iii) in Assumption 2, respectively. Condition (iv) — (vi) in Assumption 2 are additionally imposed
to identify the finite-dimensional parameter . Condition (iv) is a normalization, which is very
standard in the literature (e.g. Escanciano et al. (2016)). It requires that there exist at least on
continuous regressor whose the coefficient is nonzero. Condition (v) imposes some smoothness on m
and r, and this condition allows one to identify J;’s. It is worth pointing out that if X; consists only
of continuous regressors, the coefficients 0¢’s are be identified without condition (vi) in Assumption
2. Condition (vi) can be implied by strict monotonicity of r(-,-) with respect to its first argument,
and Escanciano et al. (2016) also impose a similar condition to identify the coefficients on discrete
regressors. To motivate this assumption, consider the linear panel quantile model in Example 2.2.
It can easily be shown that Qy,x, z,,p,=1(u|X, Z;, Dy = 1) = X;8 + X6 + g(P;) for some unknown
function ¢(-) and that r(a,p) = a+ ¢(p). In this case, the structural function r is strictly increasing
in its first argument, and therefore condition (vi) is satisfied. In the wage equation example, the
X'§ can be considered as the ability of individual, and it is natural to assume that the structural
function r is monotonically increasing in X 6. A similar assumption is made by Evdokimov (2010),
without considering the CRE approach.

The following theorem demonstrates that the parameters of the semiparametric model in (10)

are identified under Assumptions 1’ and 2.

Theorem 4.1. Let u € U be given and Assumption 1' hold. Suppose that conditions (i) — (v) in
Assumption 2 are satisfied. Then, for eacht =1,2,...,T, m(-,-;u) and r(-,-;u) are identified over
Supp(Xy, (X 6, hi(Xy, Z1))) and the set UT Supp(X 6, hi(Xy, Z4)), respectively, and 5¢’s are also
identified. If condition (vi) in Assumption 2 additionally holds, then 5¢’s are also identified.

Proof. Let t € {1,2,...,T} be given. Under conditions (i) through (iii) in Assumption 2’, the

structural function m is identified over it support and one can show that
r(X 8, P) = m™H (X4, Qy,x,2,,0,=1(ulX, Zt)) (11)
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by using the same argument of the proof of Theorem 3.1. In addition, the structural function r is
also identified from (11) over its support in a similar way to the proof of Theorem 3.1.

I first identify the coefficients on the continuous regressors ¢5’s. Choose s € {1,...,t — 1,t +
1,...,T}. Taking derivative with respect to X{,, one obtains that

aQYt|X,Zt,Dt:1 (ulX, Zy)

P (X5, P) = m3 " (X Qripx 70,2 (X, 20) D . (12)
1s
Pick any k € {2,3, ....,d,}. Taking derivative with respect to X, yields that
’ _ aQ A v, D= u :)(7 Z
(X 8, )0, = m3t (Xn, Qujx 2,0, -1 (u] X, Z4)) — 202 1%, 4) (13)

oXf,

As a result, one can see that df, is identified by the ratio between (12) and (13), and therefore
one can identify 5;“ for all t € {1,2,...,T}. Note that to identify 0, one can consider the model
restriction in (11) for some different time period s and use the same argument.

By the invertibility condition (condition (vi) in Assumption 2’), one obtains that

’

X §=r"Ym " (Xs, Qvix, 2., 0,=1 (u|X, Z)), Pp).

Using the variation in the discrete regressor X¢, one can identify 5¢’s. ]

One can also consider an index structure for structural function m, and this is in particular
useful when the dimension of X; is large. Specifically, if it is assumed that m(X;,v) = m(X; B,7),
then one can use a similar argument in the proof of Theorem 4.1 under similar conditions for m to
those for r. These conditions include (i) the differentiability and invertibility of m with respect to

its first argument and (ii) a normalization condition for 3.

4.2 Additively Separable Models

Additively separable models are very popular in empirical studies as they are very tractable. In
particular, one can use a location-scale model for quantile regression to allow for general and
flexible specifications even with additive separability. The following assumption imposes additive

separability between X; and r as well as a parametric specification for structural function m.

Assumption 1”. Let uw € U be given. For all t € {1,2,...,T},
Qviix. 20,0021 (WX, 20, Dy = 1) = X, B(u) + X 6(u) + g(Py; w). (14)

Equation (14) is corresponding to the model considered in Example 2.2, and it is a special case
of the nonparametric model in (5). The quantile restriction in Assumption 1” is similar to that of
Buchinsky (1998) and the conditional mean restriction of Das et al. (2003).

While it is evident that Assumption 1” restricts the type of heterogeneity that can be allowed
in the model, it provides substantial identifying power. If Assumption 1" holds and some rank
condition is satisfied, one can weaken the condition on the number of time periods that is needed
for identification. The following assumption provides a set of identification conditions for model
(14).
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Assumption 2"”. Let T > 2. For any u € U C (0,1), the following conditions hold:
(i) For anyt # s, Pr (rank ((Xt - X)) (X¢ — XS)/) = dx) =1;

(ii) For any t # s and (z,,2,) € Supp(Xy, X,), there exists Z((x,,x,)) C Supp(Zs, Zs) such
that Pr(Z((x;,x;),)) >0 and hy(xy, z) = he(xg, z5) for all (z,2.) € Z((z;,2,));
Condition (i) in Assumption 2” is a rank condition. It requires that the time-varying covariate
X, have sufficient variation across time periods, and this condition is standard in the literature
on panel data models. It is worth noting that this condition rules out the case where X; contains
some time-invariant regressors, such as a constant regressor. Condition (ii) is similar to condition
(iii) in Assumption 2, which requires the excluded variable Z; to have sufficient variation. If Z; has
a large support and the selection is determined by a threshold crossing equation model, then this
condition is likely to be met. Condition (iii) is likely to be stronger than the relevance condition
of the excluded variable proposed by Das et al. (2003). Their identification condition, however,
requires a location normalization for g as it is identified up to an additive constant. On the other
hand, condition (iii) allows to identify g without imposing such a normalization.

The next theorem establishes the identification of 3, d, and g(-) under these conditions.

Theorem 4.2. Let u € U be given and Assumptions 1” and 2" hold. Then, S(u) and §(u) are
identified. Moreover, g(-;u) is identified over UL, Supp(P;).

Proof. For simplicity of notation, I assume that X; is a continuous random variable.
Identification of § is from the following derivative:

_ 6ny,\xyzt,Dtil(u|Xa Zy, Dy = 1)
B 0X, ’

ds

where t # s. Since § € RT and there are T' x (T — 1) equations, one can identify 6.
For identification of 3, pick any t,s € {1,2,...,T} such that t # s. Then,

Qv,1x,2,,0,=1(u|X, Zt, Dy = 1) = Qy,1x,2.,0.=1(u|X, Zs, Ds = 1) = (X; — Xs)/ﬁ + g(P) — g(Ps).
Taking conditional expectation on (Z;, Z,) € Z((X,,X.)"), one obtains that

E[Qy,x.20.0v1(u[X, Zt, Dy = 1) — Qy.1x.2..poe1 (ulX, Zs, Dy = 1)| Xy, X, (2, Z,) € Z((X;, X.))]

= (Xt _Xs) 5

and this condition expectation is well-defined by condition (ii) in Assumption 2”. Therefore, by

condition (i) in Assumption 2", one can show that
N -1
= (X=X (X - X)) (X - X,)
x E[Qyv,1x,2,,0,=1(u|X, Z¢, Dy = 1) — Qy,|x,2,,p,=1(u|X, Zs, Dy = 1)| X, X, (Z, Z,) € Z((X,, X,))].

Since 3 and § are identified, g(-) is also identified over UL ; Supp(P;) from equation (14). |
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5 Estimation

Let my, ro, and h; o be the true parameter values for m, r, and hy, respectively. For a generic random
vector A, vec(A) denotes the vectorization of A. Let {W; = (Y;,X},Z;,D;) : i =1,2,..N} be
the data, where X; = (vec(Xi1) , ...,vec(Xir)) and Z; = (vec(Zi1)', ...,vec(Zir)) . The model
implication (6) suggests estimation strategies based on the standard quantile regression. That is,
assuming that the selection probability P, = hy (X4, Z;) is observed, one can estimate functions

m and r by solving the following minimization problem:

1 n T
WX W > pulYie = m(Xig, r(Xi, P ) u)), (15)

€
(m,r #:Dj=1 t

where p,(z) = z(1(z < 0) — u), n is the number of individuals who are selected, and M and R are
classes of admissible functions for m(-,-;u) and r(-,-;u), respectively. Note that the observations
that are used for estimation are those who are selected. I assume that n/N — n* € (0,1). Under
this assumption, the asymptotic analysis can be based on n.

Since the selection probability P;; is not directly observed from the data, the maximization
problem in (15) is infeasible. I propose a two-step estimation procedure. Recall that the selection
probability is a function of (X;t7 Z;t)l, hi,0(Xit, Zit), and I assume that h, o € H for some space of
functions for all ¢ = 1,2, ..., T. This selection probability for each ¢ is estimated in the first step, and
the estimate is denoted by P, = ﬁt’n(Xit,Zit), where ]Alt7n<'7 -) is an estimator of h;o(-,-). There
are several methods to estimate the selection probability, including some parametric estimators,
the semiparametric estimators of Klein and Spady (1993), and nonparametric estimators such as
the series logit estimators in Hirano et al. (2003). Then, one solves (15) with replacing P;; with b,
to estimate mg and rg in the second step.

I use sieve methods to estimate functions m and r. Sieve estimation is useful to impose additional
structures of the model, such as additive separability, and easy to implement in practice. Specifically,
let M,, and R,, be appropriate sieve spaces for M and R, respectively. Note that, since one can
consider the sieve methods to estimate h; o, I allow the parameter space H to depend on the sample
size n, and denote it by H,,.'> Then, a feasible sieve estimator for (m(-,-;u),r(-,-;u)), denoted by

(M (-, 5 u), 7n (-, 5 1)), is defined as follows:

n T
1 R
An'>'; aA’rL RS = u}/Z_ Xia X27PZ7 5 . 16
(ol ) = e 5D e (KK s (16)

The choice of sieve spaces depends on the class of functions and support of unknown function.
I introduce one of the most popular classes of functions, which is called the Holder class. Let
f:D — R where D C R% for some integer d, > 1. Let w = (wy,...,wq,) be a d,-tuple of

alwl
3x‘f16x‘;2...ax::m f(z), where

nonnegative integers, and define the differential operator as V¥ f =
r = (r1,%2,...,2q4,) € D and |w| = Zfil w;. Let [p] be the integer part of p € Ry, then a function
f: X — Ris called p-smooth if it is [p] times continuously differentiable on X and for all w such

that |w| = [p] and for some v € (0,1] and constant ¢ > 0, |[V¥f(z) — V¥ f(y)| < ¢ ||z — y||% for

1544, may not vary across the sample size in some cases. In particular, H, = H for all n > 1 for parametric
estimation.
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all z,y € X, where || - ||g is the Euclidean norm. Let CPI(X) denote the space of all [p] times
continuously differentiable real-valued functions on X. A Holder ball with smoothness p is defined

as follows:

AL(X) = {f €CP(X): sup sup [V2/()| <C, sup  sup L AD = VI

<C},
|w|<[p] zEX |wl=[p] z,yEX £y Bl

where C'is a positive finite constant. I assume that M and R are Holder balls with possibly different
degrees of smoothness.

When an unknown function is in a Holder ball and its support is the unit interval, one can
use polynomial, triometric polynomial, or spline sieve spaces. If the support is unbounded, then
Hermite polynomial sive spaces can be used. For the detailed discussion on the choice of sieve
spaces, one can refer to Chen (2007).

It is worth noting that none of the structural functions depend on endogenous regressors, and
therefore it does not suffer from an ill-posed inverse problem. In addition, it is also possible to
incorporate penalty as in Chen and Pouzo (2012), but estimation with penalization is not considered

in this paper.'©

6 Asymptotic Theory for Nonparametric Two-Step Estima-

tors

In this section, I provide the asymptotic theory for the sieve estimator of (mg,79). The objective
function of the maximization problem (16) contains (possibly nonparametrically) generated regres-
sors. I adapt the approach proposed by Hahn et al. (2018a) who consider nonparametric two-step
sieve estimation. All mathematical proofs for theorems in this section are presented in the appendix.

I assume that hio = ho,o = ... = hr,0 = ho for simplicity in establishing the asymptotic theory,
but the asymptotic theory developed in this paper can allow the selection probability function to
vary across time. Let 6 = (m,r)/ and a = (m,r, h)/. The parameter spaces for 6, h, and « are
denoted by ©, H, and A, respectively. Let 1,(W;,0,h) = >, Dipu(Yir — m( X, 7(Xs, P u); u)).
Then, Ly,(W,a) = 3. 1,(W;,a) and Lyg(a) = E[L,,,(W,a)]. T assume that for each t, the
conditional distribution function of Y;* on X and Z; is absolutely continuous with respect to the
Lebesgue measure, so that it admits its density function fy-x z,.

I define several norms that are used in this paper. Let ||-||cc and ||-||2 denote the supremum-norm
and Lo-norm on a function space, respectively. For any 6,60 € ©, define d@,w(e,é) = ||m(z,v) —
12, lloo 117 (%, p) ~#(x, p) o and [|0-8]13 5 = [l ) —rin(, ) B+l (x, p) ~F(x, p)|[3. For any
a0 € A, let daoo(a, &) = dooo(0,0)+||h(x,2) —h(, 2) |0 and [[a—a|[% 5 = |[0—03 o +|Ih—R|[3.
Similarly, I define the Euclidean norm on A as [|a — &[|% p = |m —m|* + |r — 7[> + [h — h|2.

6.1 Consistency and Convergence Rates

I first show the consistency of the sieve estimator for 6, én, with respect to the sup-norm. To

establish consistency, I consider the following assumptions.

16Related to penalization, Chen and Pouzo (2012) argue that estimation without penalty can be applied when the
parameters of interest are some smooth functions.
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Assumption 3. (i) The data {W; = (Wi, ..., Wir) :i=1,2,..n} are i.i.d across i, and {W;; :
t = 1,2,..,T} is stationary for each i = 1,2,....,n; (ii) for any t = 1,2,....,T, the conditional
distribution of Y* on X and Z; is absolutely continuous with respect to the Lebesgue measure, and
its conditional density function fy-x z, satisfies that 0 < infycg (x,2)esupp(x,2,) [y 1x,2. (YIX, 2) <
SUDy R, (x, ) e Supp(X,2,) JYir 1%, 2, (Y[, 2) < 00; (iti) for any t = 1,2,... T, E[|Y"|] and Elqu(Xi, Zit)]
are uniformly bounded; (iv) for each t = 1,2,..., T, the supports of X;; and Z;; are compact.

Assumption 4. (i) mo € M = AP (M) and ro € R = A2 (Supp(X, ho(X¢, Z4)) with p, > 1 and
pr > 1, mo(x,v) and ro(x,p) are continuously differentiable with respect to v and p, respectively,
and the derivatives are uniformly bounded; (ii) there exist measurable functions A(x, z;) and A(x, z;)

such that for any o, & € A and for any x = (x4, x_;) € Supp(X) and z; € Supp(Zy),
A, 2l = @15 5 < {mlae, r(x b, 20))) = T, 7(x, b, 20)))} < Alx, z0) ||l — @l 2 g

and E[A(X, Z,)%], E[A(X, Z1) ] < oc.

Assumption 5. (i) M, = {m,(z,y) = ]fnm‘"(x,*y)lﬁm,n Dosup, ., ma(2,9)] < e}, Ro =
{rn(x,p) = o (%,0) Brn supy , [Tn (X, p)| < ¢}, where ky, , and k., are some positive non-
decreasing integer sequences such that kp, n,krn — 00, max(kmn,krn) = o(n); (it) let Qu ¢ =
Elomr" (2,70 (X, Py)) - o™ (24, 7 (X, Pr))'] and Q¢ = E[ph™" (X, P,)- ¢4~ (X, P,)'], then for any

t, the eigenvalues of Q.+ and Q. are bounded above and away from zero uniformly over all n.

Assumption 3 imposes conditions on the data generating process. Note that the first condition of
Assumption 3 allows for serial correlation as it only requires the data be i.i.d. across the individuals.
Condition (ii) in Assumption 3 is standard for quantile regression models. Condition (iii) is a mild
condition on moments of the dependent variable and conditional quantile function.

Assumption 4 specifies the parameter space for the structural functions m and r. Condition
(ii) is implied by some smoothness conditions on m and r. This can be considered as a variant
of an assumption that is imposed for nonlinear quantile regression.!” This condition implies that
El{m(Xit, (X, M(Xit, Zir))) = (Xie, 7(Xis B Xit, Zit))) Y] = [ = @[ o

Assumption 5 defines sieve spaces for M and R. The choice of sieve spaces depends on the
parameter spaces and support conditions. When the parameters of interest belong to a Holder space
and the supports are compact, one can use finite-dimensional linear sieve spaces, such as polynomial,
trigonometric, or B-spline sieve spaces. Assumption 5, together with Assumption 4-(i) ensures that
the sieve spaces approximate the parameter spaces well. Condition (ii) of Assumption 5 is standard
in the literature on sieve or series estimation (cf. Newey (1997) and Chen and Christensen (2018)).
Note that the sieve spaces are linear finite-dimensional, and thus the maximization problem in (16)
becomes a finite-dimensional optimization problem.

Assumptions 4 and 5 together imply that there exist {3}, ,}52; and {3 ,}72; such that

= O(ky%) and sup|ro(x,p) — ¢ (x,p) B}, = O(k; ") for

m,n r,n

km \n

sup |m0(1‘77) - ¥Ym (I’V), :;L,n
some o,,,0, > 0. When the polynomial or spline sieve spaces are used for mg and ry, Assump-
tion 4-(i) implies that oy, = pm/(dy + 1) and o, = p,./(Td, + 1) (Newey (1997)). I denote the

sequences of functions {d)f,{"’" (z,7) et and {QS]:T’" (x,p) 1 by {mnmo}, and {m,70}n,

respectively. It is also worth mentioning that Assumption 4-(i) and Assumption 5 together imply

17See, for example, Koenker (2005, p.124).
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that M,, € M, 41 and R, C R,,41 for all n > 1 and that U ; M, = M and U2 R,, = R, where,
for a set A, A is the closure of A.

The next assumption imposes conditions on the first-step estimator. Before providing the as-
sumption, I introduce additional notations. For a (d, + 1) tuple w and a (Td, + 1) tuple w of non-
negative integers, let (i m (km,n) = sup, ||V“¢§,{"”" (z,7)||e and Cem(krn) = supy , vaqﬁfr’" (x, )&
Bounds on these quantities depend on k£, ,, k., and sieves. For example, it is well-known that
Crym (k) = kjt2% for polynomial sieves and (o m(Kmn) = ké«fnﬁ for spline sieves (cf. Newey
(1997)).

Assumption 6. (i) hg € H = A" (Supp(Xy, Z;)) with pp, > dl'ZLdz; (i) there exists a positive non-
increasing sequence 0y, ,, such that 65 | 0 and ||Bn, — holl2 = Op(83 )5 (188) Ctom(Bmon) + G (Krn) -

i 10g(log(n)) = o(1).

Condition (i) in Assumption 6 defines the parameter space for hg. Condition (ii) in Assumption
6 requires that the first-step estimator converge at a suitable rate with respect to the Lo-norm. This
condition is a high-level condition but easy to verify in practice. For example, 5;)71 = n~"Y2 with
standard parametric estimators of the selection probability. For series estimation of ho(z, z), the
convergence rate depends on the number of series terms to approximate hg and some smoothness
conditions (e.g. Newey (1997)). Condition (iii), along with Assumption 5, further restricts the
rates kp, , and k;,,. Once the convergence rate of the first-step estimator is established, this can be
satisfied with a proper choice of k,, , and k;,,. The terms (1, (km n) and ¢i -(ky ) appear in the
condition due to the nonlinearity of the conditional quantile function with respect to the selection
probability.

The following theorem establishes the consistency of sieve estimator 0,, with respect to the

sup-norm de oo+, )-
Theorem 6.1. Suppose that Assumptions 1, 2, and 3 — 6 are satisfied. Then, d@m(én, o) = 0p(1).

Now I establish the convergence rate of the sieve estimator 0,, with respect to Lo-norm. The
following theorem s provides the Lo-convergence rate of the sieve estimator 0,, under the same

conditions in Theorem 6.1.

Theorem 6.2. Suppose that the conditions in Theorem 6.1 are satisfied. Then,

N km n — krn — *
||9n_90||@»2 =Op <F+ km(ﬁm/(dz-’_l)) 1\ Tk, r(Lpr/(sz—i_l)) + Cl,m(km,n) ’ Clm(kr,n) - 0p, n) .
n ) \/ n ) J )

The Ly-convergence rate of the sieve estimator 0,, can be divided into three components. The

first component k’”T’"+ k;;" reflects the convergence rate of the variance term of the estimator O,
The rate increases as ky, , or k., increases. The second component k:;t(ﬁm/ (da+1) + k., T(Lp r/(Tds+1)

)

is the convergence rate of the approximation error, which decreases as k,, ,, or k, , increases. These
are consistent with the standard convergence rate of sieve or series estimators (e.g. Newey (1997)
and Chen (2007)). The last component i m (kmn) - C1,r(Kkrn) -5, reflects the effect of the first-step
estimator on the convergence rate of 0,,, and similar results are found in, for example, Newey et al.
(1999) and Imbens and Newey (2009). The term (i (km.n) - C1.r(krr) appears due to nonlinearity

of the conditional quantile function, which is consistent with the result in Hahn et al. (2018b,
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(Lemma 2.2)). It is worth pointing out that the sieve estimator 0,, does not suffer from an ill-posed
inverse problem, so it is not required to take the degree of ill-posedness into account to obtain the
convergence rate.'®

The result in Theorem 6.2 is useful to derive the convergence rate of the sieve estimator of the
conditional quantile function go(X;,p) = mo(Xit, 70(Xs,p)). Let §n(Xi, p) = M (Xit, 7n (X, p)) be

the sieve estimator of gg. Then, one obtains the following result:

Corollary 6.3. Suppose that the conditions in Theorem 6.2 hold. Then,

i z . Frn '
13n=g0ll2 = O, <\/ S o /(D) o [ S e/ T4 () - G () - 5,m> .

6.2 Asymptotic Normality for Regular Functionals

In this section, I establish the asymptotic normality of regular functionals. I adopt the approach of
Hahn et al. (2018a) who provide a set of conditions under which the two plug-in sieve estimator of
a (regular) functional is asymptotically normal. To this end, I assume that the first-step estimator
is estimated by the sieve (or series) method. Since E[D;t|X;t, Zit] = ho(Xit, Zit), one can use the
series method. Alternatively, one can use the series logit estimator in Hirano et al. (2003).

Many functionals of interest are functionals of the conditional quantile function, not just of the
structural functions m and r. Therefore, I consider g, itself as the second-step estimator and focus
on the functionals of (go,ho). For simplicity of notation, I redefine the true parameter value in
terms of go and hg (i-e. ag = (9o, ho)l € A), and a generic element in A is denoted by «. I denote
the convergence rate of g, provided in Corollary 6.3 by & .. Define 5, = dj ,, - log(logn) and
g = 0, ,-log(logn), and it is assumed that dy, ,, and d,,,, are o(1). Let Njy = {h € H : |[[h—hol|2 <
Onntand Ny ={g € G :[lg — goll2 < dg,n} be shrinking neighborhoods of kg and gy, respectively,
with G is the parameter space of go. Then, define N, , = N}, N H,, and N, ,, = Ny, N G,, where G,
the sieve space for G. The sieve space G,, can be taken as M,, o R,, where o means the composition
operator. Then, (§,,hn) € Nygn X Nipm = N, with probability approaching to one (wpal). Let
No={ae A:|la—apllaz < dan} where 64 = max(dg.n,0nn)-

Suppose that Ly ,(W;, h) — L1,(W;, ho) is approximated by A;(W;, ho)[h — ho] = >, (Dir —
ho(Xit, Zit)) - [h — ho] which is linear in [h — ho]. For any hy, hy € Nj, ,,, define

OE [A1(W, ho + 7[h1 — ha])[h1 — ha]]

hi—ho||? A = — ,

[|P1 = hol[] A o

and this is a norm on Nj. Let h,, be the projection of hy on H,, under the norm || - ||; a. Let
V1, be the closed linear span of N, ;, — {hon} under the norm || - |[;,a, and let

OE [A1 (W, ho + Tup,) [vn, ]]
or

< VhyyVhy Z1,A= —

7=0

denote the inner product on Vi ,. It is clear that this inner product induces the norm || - |

1,A

18For nonparametric instrumental variables (NPIV) regression, the convergence rates are usually slower than the
standard convergence rate in the literature on nonparametric estimation because of ill-posed inverse problems. For
sieve estimation, this is reflected by the sieve measure of ill-posedness. See, for example, Blundell et al. (2007) and
Chen and Pouzo (2012).

23



and therefore (Vi ,,, |- ||l1,a) is a Hilbert space. In addition, V; denotes the closed linear span of
Np, — {ho} under the norm || - |1 A.

Let g(X, Zi;h) = m(Xy, m(X, h(Xy, Z;))). Note that, by Knight’s identity, for any g € N,
L.(W,g,ho) — 1.(W, go, ho) = A2(W, go, ho)[g — go] + R2(W, g, g0), where

D2(W, g0, ho)lg — 0] = > _{9(Xi, Zit; ho) — 90(Xi, Zis ho)} - {u — 1(Vie < go(Xi, Zirs o)},

t
9(Xi,Zit;ho)—go(Xi, Zitsho)
R2(W,g,90) = *Z/ {1(Yit < go(Xi, Zit; ho) + 5) — L(Yie < go(Xs, Zit; ho)) Hds.
— Jo

(17)
Then, Ay(W, go, ho)[g — go] is linear in [g — go]. Let

OE [A2(W, go + T[g1 — g2, ho)]lg1 — g2]]

j— 2 = —
llgr — g2ll2.4 = or
=0
=E | frrix.z (90(Xi, Zivi ho)) g1 — g2|21
t
be a norm on /\fg and denote g, ,, be the projection of go on G, under the norm || - [|2.a. Let Vo,
be the closed linear span of N, ,, — {go»} under the norm || - ||2,a, and for any v,,,v,, € Vo, let
OE [A3(W, go(X, Zs; h h
o, oy VLA (W0 (X, Zi o) 4. )]
or
=0
be the corresponding inner product on Va,. Then, (Va,,|| - ||2.a) is a Hilbert space. Denote the
closed linear span of Ny — {go} under || - [|2,a by V2.
Let f: A — R be a functional and define for each v € V; ,, and ¥ € Vg ,,
9f(g0, ho + Tv)
0 ="
hf (o) [v] or )
7=0
—_ 0f(g0+ 70, ho)
0, (ag)li] = P10 E T T0)
7=0
I assume that Onf(ao)[:] : Vi — R and Jyf(ag)[] : Vo — R are linear functionals. Since e
(Vi |l - ll1,a) and (Vo ,, ]| - ||2,a) are finite-dimensional Hilbert spaces, every linear functional is

continuous and hence bounded. By the Riesz representation theorem, there exists v € Vy ;, such

that for any v € Vy ,,

O f(ap)[v]]?
Onf(ao)[v] =<wvp ,v>1a and HvZnH%A = sup M

5 < 00. (18)
veVy ,—{0} HUHLA

Similarly, there exists vy €V, such that for any v € Vy ,,

8 2
g f () [v] =< v, v >2 A and HU;an,A = sup M < 00

(19)
veVs , —{0} ||UH§,A
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For any v = (vp,v4) € V=V, x Vs, define

9pf (o) [v] = Onf (o) [vn] + Oy f (o) [vg]-

I impose the following assumption on the functional f:
Assumption 7. lim, o [|v}; |7 A < 00 and lim, o [[0} |5 A < 00.

Assumption 7 means that the functional is regular. Since V; and V, are infinite-dimensional
Hilbert spaces, one cannot directly invoke the Riesz representation theorem for 9y f(ao)[] and
Ogf()[] on V; and V,, respectively. On the other hand, Assumption 7 imposes that the linear
functionals 9, f(ao)[-] and Oy f(ap)[-] on V; and V,, respectively, are bounded, and thus one can
apply the Riesz representation theorem for dy, f(ap)[-] and 9y f(ap)[-] on Vi and Vg, respectively.

For any v, € Va, let I'y(ao)[vg] = — >, E[Fyx,z, (mo(Xit, 70(Xi, ho(Xit Zit))))v,] and define

AT 4(go, ho + Tvn)[vy)
or

I'(o)[vn, vg] =
7=0
= - ZE[fY;\X,Z,, (mo(Xit, ro(Xi, ho(XiZit)))) - 37m0(Xz‘t7T0(Xi, ho(XiZit)))
¢
X 8pT0(X1‘, hO(thZn)) . Ug . ’Uh} (20)
for any v, € V. Then, I'(ag)[+, ] is a bilinear functional on V. Define vy, € Vi, as

C(ao)vn, vy, | =< vn,vf, >1.4

for all vy, € Vi, where vy is the same as in (19). Let

lvpllsa = Var

not/? Z {AL(W 4, ho) vy ]+ A1 (Wi, ho)[vg, | + Ax (W5, 50)[?);”]}] .

To establish the asymptotic normality of f(é&,), I impose additional assumptions.
Assumption 8. The following conditions hold:
(i) liminf,, ||v}||sq > 0; (i) the functional f(-) satisfies

f(@) = f(ao) = 9y f(ao)[er — ]

V5 ]sa

sup
a€Nan

=0 (n*1/2> ;

(iii) the following condition holds:

ahf(O‘O)[ho,n - hO] 8gf(a0)[go,n - gO]

)

# max =0 (nil/Q) .
7] sa

Condition (i) implies that the sieve variance is asymptotically bounded away from zero. Con-
dition (ii) is implied if the functional is well-approximated uniformly on the neighborhood of «q.
Condition (iii) is an overfitting condition that guarantees the sieve approximation errors converge
to zero at a faster rate than a certain rate (n=1/2|[v%||sq). Assumption 8 can be verified once a

functional of interest is given.
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* *

Let (uj, uf, uf,) = [loalloh (), v, v, ) and palf] = 2 SPF(WL) — E[f(W.)]] be an em-
pirical process indexed by f.

Assumption 9. (i) The following condition is satisfied:

< hn - ho,nauzn + ’U/F‘” >1,A —Hn [AI (Wa hO)[Uzn + ’U,;”]] = OP(HR);
(1) the following convergence in distribution holds:
1 n
NG ST {AUWG, ho)u, +u, ] + Aa(Wi, go, ho)[us ]} -5 N(0,1);
i

(iii) toy, - 67, = 0(1) with ki, = o(n="/?) and |Ju;, |l2,a = O(1).

Assumption 9 corresponds to Assumption 3.3 in Hahn et al. (2018a). The first condition is a
high-level condition, and it can be verified once the first-stage estimation method is chosen. The
second condition can be verified by using some appropriate central limit theorem. The last condition

is mild as §; ,, is a convergence rate of a nonparametric estimator, which is not faster than /n.

Assumption 10. (i) For all t = 1,2,...,T, the conditional density function fy-x z,(y|x,2t) is
continuously differentiable with respect to y, and its derivative f;,t‘x 7z, (y|x, z¢) is uniformly bounded;
(ii) the functions mo(z,7y) and ro(x,p) are twice-continuously differentiable with respect to v and

p, respectively, and the second-order derivatives are uniformly bounded.

Assumption 11. Let supyey;, | |h(z,2) —ho(z, 2)| = O(6, ") and 6;"F = 6, 7" log(log(n)) = o(1).
Then, the following conditions hold:

(Z) Cl,m(km,n)2 . Cl,r(kr,n)2 . 5}2L7n<40,m(km,n) + CO,r(knn)) : 69,n = O(n_l);

(i) 53,11 “(Co,m(km,n) + Cor(krn)) = o(n™");

(i) C1,m(kmn)? - Cur(Frn)® - 5}21,71521?’5 =o(n1);

(iv) 53,71 “Cum(kmn) - Cr(krn) - 5}?5 =o(n');

(’U) {CQ,m(km,n) : Cl,r(kr,n)2 + Cl,m(km,n) : <2,r(kr,n)} 5}%771 = O(n_1/2);

(’i’l)) Cl,r(kr,n)ée,nah,n = 0(7171/2).

Assumption 10 strengthens the smoothness conditions on the conditional density function and
the structural functions mg and ro. Assumption 11 restricts the rates of k, ,, kr, and possibly
kn.n where k5, is the number of approximating functions for hy. Once the sieve space is chosen
and the convergence rates are derived, one can set the rates on ki, ,, k-, and kj , that satisfy
Assumption 11. The following theorem establishes the asymptotic normality of f(ay,):

Theorem 6.4. Suppose that conditions in Theorem 6.2 hold. If Assumptions 7-11 additionally
hold, then

\/ﬁf(dn) B f(aO) _d> N(O, 1)

V3l sa
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7 Simulation

In this section, I present results of Monte-Carlo simulations to examine the finite-sample perfor-

mance of the estimators. To this end, I consider the following model with 7" = 3:

Qyv,1x,2,,0,=1(u|X, Zs, Dy = 1) = X f(u) + X/(S(u) + Qu,1x,2.,0,=1(u|X, Zs, Dy = 1),
Dy =1(Xi+ Zy > V),

0 03 1
The true parameter values are S(u) = 1+ 0.5 x Qu, (u), d(u) = 14+ 0.2 X Qu,(u), £ = —1, and

~v = 1. In the simulation, I assume that the first-stage equation is correctly specified, and therefore

0 1 03
where (Ui, V;) ~ BVN << ) , ( and X; and Z; are drawn from normal distributions.

the parameters ¢ and ~ are estimated using a probit model.

I consider two sample sizes, N € {500,1000}, and I use the Hermite polynomial sieve spaces
to approximate the unknown function Qu,x,z, p,=1(u|X, Z;, Dy = 1), and the order is set to be
proportional to N'/7.1% T focus on the root mean squared errors (RMSEs) of 3(u) and §(u) for
u € {0.25,0.5,0.75} to investigate the finite-sample performance, and obtain the results from 2000
iterations.

Tables 1 and 2 present the simulation results with sample sizes 500 and 1000, respectively. For
all quantile levels, the biases of the estimators are negligible and the standard deviations are also
small. Therefore, the results suggest that the semiparametric estimators of S(u) and §(u) perform

well in finite samples.

Table 1: Semiparametric Model, N = 500, T'= 3

| u=025 [ u=05 [ u=0.75
Bias S.D. RMSE Bias S.D. RMSE Bias S.D. RMSE
ﬂ(u) -0.0011 0.0778 0.0778 0.0029 0.1104 0.1105 0.0018 0.0786 0.0787

o1 (u) 0.0025 0.0511 0.0511 0.0056 0.0448 0.0451 -0.0020 0.0510 0.0510
Oo (u) 0.0032 0.0503 0.0504 0.0025 0.0441 0.0441 -0.0033 0.0507 0.0508
(53(u) -0.0054 0.0574 0.0576 -0.0055 0.0501 0.0504 0.0040 0.0533 0.0534

Table 2: Semiparametric Model, N = 1000, T' = 3

y u=0.25 \ u=05 u=0.75
Bias S.D. RMSE Bias S.D. RMSE Bias 5.D. RMSE
ﬁ(u) 0.0006 0.0665 0.0665 0.0016 0.0486 0.0486 -0.0006 0.0545 0.0545

o1 (u) 0.0036 0.0354 0.0355 0.0037 0.0315 0.0317 -0.0016 0.0354 0.0354
02 (u) 0.0027 0.0356 0.0357 0.0023 0.0327 0.0328 -0.0018 0.0360 0.0360
53(u) -0.0056 0.0397 0.0401 -0.0085 0.0348 0.0358 0.0026 0.0388 0.0389

19The order of the Hermite polynomial is 4 when N = 500, whereas it is 5 when N = 1000.
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8 Conclusion

In this paper, I develop a nonparametric panel quantile regression model with sample selection.
The model is nonseparable and allows for time-invariant endogeneity in a similar spirit of the
fixed effects models. To resolve the time-invariant endogeneity of the regressors and the sample
selection bias, I adopt the CRE and control function approaches. In doing so, I avoid imposing
any parametric or semiparametric restrictions on the distribution of the unobserved error terms,
except for a conditional independence condition. The class of models is general and flexible enough
to be extended to address many empirical issues about data, such as time-varying endogeneity and
censoring. I study identification of the structural functions of the model. Identification requires
that the number of time periods be greater than or equal to 3 (T' > 3) and that there exist excluded
variables that affect the selection probability. For practically tractable estimation, I also suggest
some semiparametric models and present a set of identification conditions for the semiparametric
models. Based on the identification result, I use a two-step nonparametric sieve method to estimate
the model parameters. I establish the consistency and convergence rates of the two-step sieve
estimators under low-level conditions. I also provide a set of conditions under which the plug-in
estimate of a smooth functional of the parameter is asymptotically normal. A small Monte-Carlo

study with semiparametric models confirms that the estimators perform well in finite samples.
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A Proofs of the Results in Section 6

In this section, I provide mathematical proofs of the main results in Section 6. I introduce notation
< b, means

that there exist a finite constant C' > 0 and N € N such that a, < Cb, for all n > N. If

an S b, and b, < a,, it is denoted by a,, < b,. Let (F,|| - ||#) be a metric space of real valued

~

that will be used in the proofs. For any positive real sequences {a,} and {b,}, a,

function f : X — R. The covering number N (e, F,|| - ||7) is the minimum number of || - || 7 e-balls
that cover F. The entropy is the logarithm of the covering number. An e-bracket in (F,|| - || )
is a pair of functions /,u € F such that ||l[|7,|[|u[|z < oo and [[u — ||z < e. The covering
number with bracketing Njj(e, 7, || - [|7) is the minimum number of || - [|7 e-brackets that cover
F. The entropy with bracketing is the logarithm of the covering number with bracketing. The
bracketing integral is defined as f05 V1og Ny (e, F,[| - [ 7)de, and it is denoted by Jyj (8, F, || - || 7).
Let 11, [f] = 1 3. {f(W;) —E[f(W,)]} be an empirical process indexed by f € F for some space F.
Gn[f] is an empirical process such that /nu,[f] (i.e. G,[f] = ﬁ Yo Af(Wy) —E[f(W;)]}). Recall
that ||k, — holl2 = O, (3}, ,,) by Assumption 6. Let C' denote a generic positive and finite constant.

It can be different across where it appears.

Some empirical processes may not be measurable, and thus the expectation operator cannot be
applied to those processes. In such a case, one can replace the expectation operator with the outer
expectation operator. I use the notation E[-] mainly to indicate the expectation operator, but it

may also stand for the outer expectation if its argument is not measurable.

A.1 Proof of Theorem 6.1

Proof. Let By (ho) = {h € Hy : ||h — holl2 < Onn} With &, = 65 - log(log(n)). I verify the con-

dition in Proposition B.1 in Section B. For Assumption C.1, recall that l,(W;,a) = >, pu(Yir —

m(Xy, r(Xy, h(Xit, Zit); u); u)). For simplicity of notation, let g, (X, Zit) = mo(X¢, ro(Xi, ho(Xit, Zit); w); u).
Then,

B[l (W3, 00, ho)| X5, Z;, Ds]|
= Elpu (Y3 — qu(Xi, Zir))[Xi, Zi]|

oo

t
<SS [ e Za)}F i, 2 01X Za)
t qu(Xi,Zit)

qu(Xi,Zit)
(1w / (0~ (X0 Zi)}dFy %, (0% Zi0)}]

— 00

S]E[ll/:; - qu(Xi, Zit)HX’i7 Zit]u

where the first inequality holds by the triangle inequality and the second inequality is derived by
Jensen’s inequality and the fact that max(u,1 —u) < 1. By condition (iii) in Assumption 3, one
obtains that [E[l,(W;, 00, ho)]| < co. Now I check condition (ii) in Assumption C.1. Take any
€ > 0. Following Knight’s identity (Knight (1998)), one can obtain that

pu(w) — py(w —v) = —v(u — L(w <0)) + /Ov{l(w <t)—1(w < 0)}dt.
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Applying the above identity with w;; = Vi — ¢u (X, Zi) and v = m( Xy, v(Xy, ho(Xie, Zit))) —
qu (X, Zi) such that deg o (0, 60) > € results in that

E[ZU(WU 007 h’o) - lu(Wla 9, h0)|X17 Zia Dl]
= ZE[Pu(th = qu(Xi, Zit)) — pu(Yie — m(Xie, 7(Xi, Zir))) X, Zi, Dy
t

- ZE[/Ovit{l(wit < 7) — L(wi <0)}dr|X;,Z;, Dy]

= Z/ Py x,.2,(qu(Xi, Zit) + 7) = Fy1x; 2, (qu(Xi, Zit) )dT
— Jo

Vit

ZZ:/O TdejZfEt:v?t, (21)

where f* = min; infep, (x p)esupp(x,2.) fy;x,2, (Y|X, 2) > 0 by Assumption 3-(ii). It is straightfor-
ward to see that E[l,, (W, 0o, ho) — 1,(W;,0,ho)] = |10 — 00||%72 by Assumptions (2) and 4-(ii). By
Lemma 2 in Chen and Shen (1998), ||0 —6o||e,2 2 do, (6, 90)1+ﬁ and it leads to that for alln > 1,
cn(€) = Ce*" 7 for some constant C' > 0. With this construction, ¢, (€) is a positive non-increasing
sequence and it obviously satisfies the condition liminf, ¢,(€) > 0. Therefore Assumption C.1 is
satisfied.

Now I verify Assumption C.2. Note that for given u € U,

|]EU’U,(W’L7 7Tn907 hO) - lu(wzy 907 hO)” S ]E|I(W’L7 7T’n907 hO) - l(W“ 907 h0)|
< max(u, 1 — u)E|m,0p — o]

5 sup |7Tnm0($, 7) - mo(«r, ’Y)| -+ sup |7TTLT0(X7p) - TO(X7P)|
T,y x,p

-0 (k;%/(dm)) ) (kfpr/@-dm)) :

rn

where the third line holds because sup, ., [mo~(z,7)| < oo, where mq (z,7) = 8"“(’37(5‘”7), and the

last equality holds by Assumption 4 and 5. Since Ky, k., — 00 by Assumption 5, one can set
2. = Max (k,}lf]{l/(d‘”ﬂ), kr_ﬁr/(T'd"”H)) =o(1).

Lastly, I verify Assumption C.3. Define £,, ,, = {l,(W;,0,h):0 € ©,,,h € By (ho)}. I derive the
convergence rate 1o, by applying Theorem 2.14.2 in Van der Vaart and Wellner (1996). Note that
one can take a constant function as an envelope function of £, ,, by Assumption 4-(i). It remains
to calculate the bracketing integral of £,, ,,. Note that

E|lu(Wi,0,h) — 1,(W;,0,h)[* < max(u,1 —u) Y E|0(Wi, h) — 6(Wir, b)|* < |l — 613
t
by Assumption 4-(ii). Applying Theorem 2.7.11 in Van der Vaart and Wellner (1996) results in

Ny(Cot, Lum, || -1]2) < N(e, Ay, [|-]|2) where A, = My, xRy X By (ho) . Tt can also be easily shown
that

€ € € ~
log N(€, An, || - [l2) < log N(, Ma, [[ - [[2) +1og N (7, Ra, || - [[2) +1og N (5, Bu(ho), [] - |l2)
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by the definition of the covering number. Therefore, for any § > 0, one obtains that

€ € =~
Ty Lo ||| /\/1+1ogN Mo, |1+ [l2) +10g N (5, Ra | [[2) +10g N(, Bu(ho), | - [l2)de.

By Lemma 2.5 in Van de Geer (2000), log N (£ s M, d) < knmlog (1+ 222 and log N(£, Ry, d) S
krnlog (1+ 18%). To get a bound on N(§, By, || - ||2), I apply Corollary 2.7.4 in Van der Vaart
and Wellner (1996). Since N(e, F,|| - |[) < Nyy(e, F,|| - ||) for any class of real valued functions F
and any norm || - |, it is enough to bound Np (5, Bn(ho), || -||2). Since H,, C H, B, (ho) C By (ho) =
{h e H :||h—holl2 < dnn} Note that, since the support of (X;, Z;) is compact by Assumption 3,
one can set the M; = 0 for j’s such that I]l’s are outside the support of (X;, Z;), where I]l’s and
M;’s are the same as defined in Corollary 2.7.4 in Van der Vaart and Wellner (1996). Pick any
V € R such that (d, +d.)/pn <V < 2, then it follows that

€ —
log Ny (5 Bu(ho). || - II2) < V6

by the definition of B, (ho). This bound results in that [, /Iog N(5, Bn(ho), || - l2)de < 8,12 [} € V/?de =
O((SV/ %) by the condition on V. Therefore,

‘][]( Eum” ||2 \/max mnakrn)loglJr / \/logN )||H2)d€

< v/ max (ki n,y krpn) + \/‘E

Applying Theorem 2.14.2 in Van der Vaart and Wellner (1996) yields that

1 max (K. n, kr.n Oy
E| s nlla(Wa b, )| S =Ty (1 Lum |- o) = O [ 2 mansFrn) [ )
0€0,,,h€ By (ho) Vn n n

134 . . . -
and thus one can set 79, = 1/ M + 1/ == by the Markov inequality. By Assumption 5,
one obtains that 79, — 0. For the second condition in Assumption C.3, note that

sup |]E[lu(wz797h) - lu(Wi,6>hO>]|
0€0,,,he B, (ho)

S sup IHaX 1 —u ZE|m ity T leh(thaZzt))) m(XihT(XiahO(XitaZita)))‘
0€0.,,,heB,, (ho)

S (0] (Cl,m(km,n) . Cl,r(kr,n) . 5h,n)

and that (1 m(kmon) - G (krn) - Onn = 0o(1) by Assumption 6. Letting 01, = C1m(kmon) - G (Brn) -
Opn,n implies Assumption C.3. In all, all conditions in Proposition B.1 are satisfied, and hence

d@.oo(énaGO) = O;D(l)' u
A.2 Proof of Theorem 6.2

Let 6}, ,, be the Ly-convergence rate of hy. Define By ¢, n(ho) = {h € H : ||h—ho||2 < K165, 3N Hp,
BQ,K,‘,,”(HO) = {0 €0: HH — 6y n, and BQ’Kz’O(HO) = {9 €0: ||9 — 90”@72 < KQ}.
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Proof. Since Assumptions 2—6 are sufficient for Assumptions C.1-C.3, it remains to show that

Assumption C.4 holds. For condition (i) in Assumption C.4, observe that

sup |E[lu (W, 700, R) — 1.(W, 89, )]
h€B1, Ky ,n(ho)

S sup max(u,l-— U)EZ |mnmo(Xit, Tnro(Xi, M(Xit, Zit))) — mo(Xit, ro(Xi, M(Xit, Zir)))[?
h€B1,xq,n(ho) t

<0 (k;QT(lpm/(dm+1))> 10 (k;ffpr/(“ﬁl))
by Assumptions 4 and 5. Thus, one can set 83 ,, < k;?np"”/(dﬁl)) +k;3(”’/(””“”, and it is obvious
that (Sgn = 0(1).

For condition (ii) in Assumption C.4, pick any 6 € By g, n(fo) and 8,6 > 0 such that § <
[0 — 6ollo,2 < &. Note that

E[l,(W,0,h) — 1,(W,0p,h)] =E[l,(W,0,h) — 1,(W, 0, ho) + 1.,(W, 00, ho) — 1,(W, 00, h)]

and that
sup E[lu (Wa 95 h)_lu <W7 907 hO)] < sup sup E[lu(wa 9, h)_lu (Wa 907 ho)]
heBl,Kl,n(hO) heBl,Kl‘n(hO) {0€B27K2,0(90)IS<|‘9—90”@,2<6}

Then, by applying Knight’s identity with Assumption 3, there exists a finite constant C' > 0 such
that

sup E[l,(W,0,h) = 1.(W, 6, ho)] < —Clla = aol[% 2 < ~Cll6 — 6ol .
{0€B2.165.0(00) 5<10 001 <5)

where the first inequality holds by Assumption 4 and the second inequality holds by definition
of the norms. Since 0 < § < 6, there exists a finite constant Cs > 0 such that 5 > 6/Cs.
Therefore, E[l,(W,80,h) — 1,(W,60,ho)] < —C6? with C = C/Cs > 0. Next, letting v;; =
mo(Xie, 70(Xi, ho(Xit, Zit))) —m( X, (X, h(Xit, Zit))), it can be shown that by Assumption 3-(ii),

Ell.(W, 00, ho) — L(W,00,h)] < f > Ev? < [lho — hll3 < Ky,
t

uniformly over Bi g, . (ho). Therefore,

sup  E[lu(W,0,h) — 1,(W,00,h)] < K155, — C5>
h€B1 i, ,n(ho) '

for some constant C' > 0, and thus condition (ii) in Assumption C.4 is met with 1, < 6j .
I consider condition (iii) in Assumption C.4. Define £, , = {l,(W,0,h) — 1,(W,0,hg) : 0 €
Bs. k3 (00), hh € By i, n(ho)}. Then, For any 0,0 € By i, (60) and h, h € By i, n(ho), one obtains
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that
|{lu(W’ 9, h) - lu(wv 97 hO)} - {lu(wv é» E) - lu(wa QN’ hO)}‘

< |1 (W,0,h) — 1, (W, 0,h)| + |1.(W, 0, ho) — 1,(W, 0, ho)|
<D Am(Xie, (X, (X, Zir))) — (X, 7K, B(Xir, Zia))) }

+ 1Y Am(Xir, 7(Xs, ho(Xir, Zir))) — m(Xir, 7(Xs, ho(Xir, Zir)) |
t
9 5
ST-AXi, Zie) |l — a2 g (22)

where the last inequality holds by Assumption 4-(ii) and the Cauchy-Schwarz inequality. It is
straightforward to see that, by Assumptions 5 and 6,

|lu(W, 0, h) — lu(W, 9, ho)l S \m(Xit, T(X,‘, h(Xit7 Zit))) — m(Xit, T(Xi, hO(Xit, Zzt)))‘ g F‘n(VV)7
(23)

where F,,(W) = C|0, ¢*mn (x,7)]-|0,bkrn (x,p)|-6;; ,, for some C' > 01s an envelope function of Lo,
and hence || F,(W)|l2 < C1,m (Km,n) - C1,r (Krn) -0, I make use of Theorem 2.14.2 in Van der Vaart
and Wellner (1996) to obtain the convergence rate d,, in condition (iii) of Assumption C.4. To this
end, it remains to calculate Jj (1, Luns ||]|l2). By equation (22) and Theorem 2.7.11 in Van der Vaart
and Wellner (1996), Nj(el| Full2, Luns || - l2) < N(E | Fnlles Mo, ico || - [12) X N(E [ Fall2, R || -
l2) X &l Fnll2; Bi,xyn(ho), || - ||2). By Lemma 2.5 in Van de Geer (2000), one obtains that

T Luns |1 [l2)

1
:/ \/1+lOgN[](€‘|Fn||2’£u,n7||||2)d€
0

1
€ € €
S [ (108 NIl Mo 1) + 108 NS 1Pl R 1) + Yo NS Pl B (G | )

[|Full2/C

= / \/IOgN(eaMn,Kza I[-1l2) +log N(€, R k2, || - [|2) +1og N (€, B, rcyn(ho), || - [[2)de -
0

g{w/km,n+ km+,/5;§,n}.

Applying Theorem 2.14.2 in Van der Vaart and Wellner (1996) yields that

HFn||2

E [ sup | [lu(W,0,h) — 1.(W, 0, hO)H]
0€B2 Ky n(00),hE€B1 Ky n(ho)

SO (Vo + Vi +1) - =lIFe

0] <(\/ km,n + knn) : % : Cl,m(km,n) : Cl,r(kr,n) : 5;;,71))

1\? )
<0 (((\/er kn) : \/ﬁ) + (Com () - G Chrn) - 07 )

where the last inequality holds by the fact that ab < (a + b)? for any a,b > 0. Therefore, one can
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set 62 < ((M%— krn) - ﬁ)z + (CLm(km,n) (k) '67';,71)2'

Lastly, T verify condition (iv) in Assumption C.4. I make use of Lemma 19.36 in Van der Vaart
(2000). Let B3 ., . (00) = {0 € Ba xc, n(00) : |10 — bollo,2 < 6} and B . 4(60) = {0 € Ba.k,.0(60) :
||9 - 90”@72 < 5} Define ./—"n = {lu(W,G,ho) — lu(w,e(),h()) HUNS BQ,Kz,O(GO)}' Then,

sup E [|lu(W,0,h0) - lu(w,eo,ho)F]
QEBS Ko, (00)

< sup E Ulu(w797h0) _lu(w’907h0)|2}
0€B3 1, (60)

S sup [0 6olfg, < 67 (24)

~

GEBS,Kz,O(GO)

under Assumption 4-(ii). Furthermore, Assumption 4-(i) implies that sup,eyy geo |lu(w, 0, ho) —
lu(w, 8o, ho)| < oo. It remains to calculate Jy(Cd, Fy,|| - |[2). Equation (24) enables to apply
Theorem 2.7.11 in Van der Vaart and Wellner (1996), Let B} x, ,,(mo) = {m € M,, : |[[m—myl|2 <
min(d, K2)} and B%VK%TL(TO) ={r € R, :||r —roll2 < min(d, K3)}. Then, one can show that

N(C8, BS i, n(00): || - llo.2) < N(§8, Bl ey (m0): || - ll2) - N(§6. B g, 1 (70), || - |2)- By, together
with Assumption 5, Lemma 2.5 in Van de Geer (2000), one can show that N(Cé B3, Ka.n(mo), |-
l12) < Emyn -log(1+ €2 ) and N($4, B ey (0), 11 112) S K -log(14 €er) for some finite constant

C > 0. Therefore,

cé
Jy(C8, Fo || -] / V1 +10g Ny([Lullae, For. || - llade < \/max(b . y.0)3

by the same logic as earlier. Applying Lemma 19.36 in Van der Vaart (2000) leads to that

E sup |pn [lu(W, 0, ho) — 1.(W, 00, ho)] || < *J[](Cfs Fy [[-l12) S

< max(km n, kr.n)0,
QEBS,KQJL(HO) \/7

N\f

and therefore one can set ¢,,(§ vmax(kp n, krn)d. It is stralghtforward to see that the map ¢ —
1+€)¢n( ) is decreasing for any € € (0,1). Then, the condition (dg.,,) 2 /max(k mons Krn)0on S

v/n holds if one chooses g, = 1/ %"k”), and Assumption 5 implies that &y, = o(1).

In all, by the fact that 5h n < Cm(kmon) - Cir(krn) -5;‘m and Proposition B.2, one obtains that

km n — kr n — *
55” = 4 /T + kmggnz/(dz+1)) 44 /T, + kT’T(pr,/(szﬂ)) + (1,m(/€m,n) 'C1,r(k‘r,n) .5h’m

and this ends the proof. |

A.3 Proof of Theorem 6.4

To prove Theorem 6.4, it is required to verify Assumption C.5 in Section B. To this end, I present

several lemmas.

Lemma A.1. Suppose that the conditionsn in Theorem 6./ hold. Then, equations (37) and (38)
in Assumption C.5 hold.
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Proof. By the definition of ¢* and using Knight’s identity, one obtains that
lu(Wa 9*7 h) - lu(Wvga h) - AQ(W7 9, h)[g* - g} = RQ(Wa 9*7 9, h)a

where AQ(Wvgah)[g* - g] = AQ(nga h)[iﬂn : *n] and RQ( 79* gv = _Zt fog 79{1 th >
g(X, (X, Z)) + 8) — 1(Y; < g(X, h(Xq, Zt)))}ds By definition, ¢* — g = :i:/inu . Without loss
of generality, I assume that ¢* — g = k,u’ . Then, by the change of variable, s = kg,

Ry (W, g%, 9.h) = —nnZ/ 1(Ye < g(X, (X, Z4)) + king) — 1(Ye < (X, h(Xy, Z4))) b

Therefore, (37) will hold if

sup | [Ro(W, g, )]| = 0, (n~1/2)
a€Nan

where t RQ(W,g,h) =3, fou”"{l(Yt < g(X, WX, Z4)) + kng) — 1(Y: < g(X, h(Xy, Z4)))}dg. To
verify the condition, I apply Lemma 4.2 in Chen (2007). To this end, note that for any small § > 0
and for any o € NV,

E sup |R2(Wagvh) _RQ(Waga E)|2
| GENa,n,lla—alla,c0 <6

S]E sup |R2(Wag*7g7h)7R2(Wa§*7§7}~1)|2
_dENa,vL:‘la*&llA,ooS&

¢

SE sup / T < 9(X (X, Z0) + ins) = 1Y < GOXB(X, Z0) + ) |ds
0

| GENw mllo—d[4,00<6

Note that by Assumption 4, for any x € Supp(X) and z; € Supp(Z;),

—A(x,z¢) - 0 < g(x, B(xt, zt)) — g(x, h(xg, 2)) < A(x,2¢) - 6

and that
g(X, h(xh Zt)) + A(Xa Zt) 0 > g(X7 h(xh Zt)) > g(x7 h(xtv Zt)) - A(Xﬂ Zt) - 0.
Therefore,

11(Y; < g(X, h(Xy, Z4)) + kis) — LYy < G(X (K¢, Zt)) + Fins)]
<UY; < g(X (X, Z)) + ks + AX, Zy) - 0) — 1(Y: < g(X, (X, Zt)) + ks — A(X, Zy) - 9).
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This leads to that

E sup / LY < (X, (X, Z0) + Fns) — 1(Ys < 38X, R(X0, Z0)) + rins)|ds
GENamlla—alla0<8 5 Jo
<E w3, 2 0) [0S 0GR Z0) + ) — 100 S GO B Z0) 4 sl
GENan,lla—ala,00<8 T 0
0
+E sup S 1, < 0)/ 1(Y; < g(X, h(X0, Z0)) + tins) — 1(Ys < 3(X, W(X0, Z0)) + rins)|ds
GENa ns||la—al]a,00 <8 t ug
v, __
<E |3 / Fyupx.z, (90X, h(X0s 20)) + ks + A Z0) - 8)) — Fys ez, (90X, h(X0, Z0)) + s — AKX, Z,) - 5)ds]
t 0
<.

Therefore, condition (4.2.1) in Lemma 4.2 in Chen (2007) holds with s = 1/2 in its notation. By
Assumptions 4 and 6 and Theorem 2.7.1 in Van der Vaart and Wellner (1996), log N(Ce?,G, || -
o) - log N(Ce*,H,|| - ||o) < o0o. In all, applying Lemma 4.2 in Chen (2007) results in that
SUDgen, ., [n [Ro(W, g, h)]| = 0, (n=1/2). This implies that (37) holds.

Recall that Ao(W, g, h)[uy | =3 {u—1(Y; < g(X, h(Xy, Zt)) by, and therefore

Ay(W, g, h)[uy ]-Aa(W, go, ho)luy, | = Z {1(Y; < go(X, ho(Xt, Zt))) — 1Yy < g(X, (X, Z4))) } g, -

By the same logic above, it follows that

Sup [jin [B2(W, 9. 0)[,] = 8o(W g0, ho)u, 1] | = 05 (/7).
aeNy,n

which implies that it is Op(k,,), and thus (38) also holds. |

Lemma A.2. Suppose that all conditions in Theorem 6.4 hold. Then, condition (ii) of Assumption
C.5 is satisfied.

Proof. By (17) and Assumption 10, one can show that

[ r9(X,Z¢;h)—go(X,Zssho)
K(oh) = | [

Fy1x,2,(90(X, Zi; ho) + s) — Fyp1x,2,(90(X, Z; ho))dS]
0

9(X,Z¢;h)—go(X,Z¢;ho) , =\ 9
/ Frex,2.(90(X, Zes ho))s + frex,2,(9(X, Zes h))sds
0

_‘fYt* |X,Z; (QO(Xv Zt; hO))
2

(9(X. Zis ) — go(X, Zu: ho»ﬂ B[R (X, Z),

where R 1(X,Z;) = fog(x’z“h)_g()(x’zﬁh”) f;’t*\X,Zt (§(X, Zs; ho))s?ds and §(X, Z;; h) is between
9(X, Z; h) and go(X, Zy; ho). Similarly,

fy1x,2,(90(X, Zi; ho))

K(g*, h) = —E
(g™, h) 5

(6" (X, Zish) — g0(X. Zs; ho>>2] ~B[Rea(X, )]

with Rk 2(X, Z;) = fog*(x’z“h)igo(x’z“ho) f;,NX 2,07 (X, Zs; h*))s2ds for some §* and h*. By the
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definition of ¢*, one obtains that

* 1 *
K(g,h) —K(g",h) = 5 {llg —gollA2 = llg = goll2 2}

+E [iﬁnuznfymx,zt (90(X7 Zt; hO)) (g(Xv Zt; h‘) - g(X7 Zt; hO))]
+E[Rk 2(X, Z,)] — E[Rx1(X, Z4)].

Observe that
Q(X, Zy; h) - Q(X» Zy; ho) = 87m(Xt, r(X, ho(Xm Zt))) '3pT(X, ho(Xt, Zt)) : (h - ho)

+ {aim(xt,r(x h(X1, Z1))) - (0pr(X, h( X, Z1)))
+ Oym( Xy, 7(X, (X4, Zy))) - Oor(X, h( X, Zt))} - (h = ho)?,

where h is between h and hg, and thus

* 1 *
K(g,h) = K(g";h) = 5 {llg" = goll2.2 = [l9 — 9ol[A.2}
+ E [£rnu; fyex.2,(90(X, Zi; ho))Oym(Xe, r(X, ho(Xe, Z1))) - 91 (X, ho(Xi, Z1)) - (h = ho)]
+E[Rk2(X, Z;) — Rx1(X, Z;) £ knRi 3(X, Zy)]

with
Ry3(X,Z,) = {3$m(Xt,r(X, WX, Z0))) - (apr(x, h(X,, Z,g)))2 + 0ym( X, r(X, h(Xe, Z0))) - 02r(X, (X, Zt))}
X (h—ho)* -} fyrx,2.(90(X, Ze; ho) X, Zy).

By definition of I'(ag)[vp, vg) in (20), it follows that

* * 1 *
K(g,h) = K(g", h) = Fral(c0)[(h = ho),ug, ] + 5 {llg" = gol[a2 — Ilg — gol 3.2}

+E[Rk 2(X, Z;) — Rx,1(X, Zy) £ knRi 3(X, Zy)] + E[£kK, - Rx.4(X, Zy)]
with

RK,4(X7 Zt) = {&Ym(Xt, ’I“()(7 ho(Xt, Zt))) . 8pT(X, ho(Xt, Zt>) — 8,Ym0(Xt, To(X, ho(Xt, Zt))) . 8pT0(X, ho(Xt, Zt))}
X [y 1x,2,(90(X, Zt; ho)) - (b — ho).
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I first consider Rk 1(X, Z;) and R 2(X, Z;).

A

E

9(X,Ze;h)—go(X,Ze;ho) | R )
E[|Rea(X, Z))) <E | [ Py .2, (0%, Zes ho)) %l ds

0

E [l9(X, Zi; h) = g0(X, Zt; ho) [’
E Ug(Xa Zt; h) - gO(XaZt;hO)P] - sup |g(Xa 2t5 h) - 90(X7Zt;h0)|7

X, 2t

ANRZAN

where the second inequality holds by Assumption 10-(i). Then,

E [|9(X, Ze; h) = 90(X, Zi; ho)[*] S E [l9(X, Zis h) = 9(X, Z; ho)[*] + E [|9(X, Zt; ho) — 9o(X, Zs; ho) ]
5 Cl,m(km,n)2 : Cl,r(kr,n)2 : 5}21777, + 63,11
It follows that
sup ‘g(xa 2t; h) - g(x7 ) hO)‘ S Cl,m(km,n) : Cl,r(kr,n) : 5?:57

and that
sup |9(Xa Zt; hO) - gO(Xa ) h0)| < (CO,m(km,n) =+ CO,r(kr,n)) : 50,71

by Assumptions 4 and 5. Therefore, one obtains that E[| Rk 1(X, Z;)|] = o(n™') by Assumption 11.
Similarly,

9" (X,Z¢;h)—g0(X,Z¢;ho)

E[|Re2(X, Z)[] < Z/ Py (T (X, 205 )52 ds
S E (197X, Zis h) — go(X, Zisho)[P] = o(n™?).
t
Now I consider E[|Rk 3(X, Z;)|]. Note that

EHRKB(Xa Zt)H 5 {C2,m(km,n) : Cl,r(kr,n)Q + Cl,m(kmm) : C2,r(kr,n)} 62711 - O(n_l/Q)

by Assumption 11. Lastly, consider E[|Rk 4(X, Z;)|]. By the Cauchy-Schwarz inequality,

E[| Rk 4(X, Z:)|] £ VE[G(X, Z:)2] - E[(h — ho)?]

where G(X, Zt) = &ﬂn(Xt, T'(X, hO(Xta Zt))) . 3pr(X, hO(Xt; Zt)) — aymg(Xt, T‘Q(X, hO(Xt; Zt))) .
Opro(X, ho(Xy, Z;)). Then, it follows that

E[G(X,Z,)’] SE [apr(x, ho( X, Z4))? - {0,m( Xy, (X, ho (X, Z4))) — Omo(Xe, 7(X, ho (X4, Zt)))}ﬂ
+E [{apr(x, ho(Xe, Z0)) — Byro(X, ho( X, Zt))}Q] +E [{r(x, ho(Xe, Z0)) — ro(X, ho( X, Zt))}ﬂ

S Curlkrin)03 5+ 03, + O (I 20D/ ) 4 53

where the first inequality holds by Assumption 10 and the second inequality holds by Corollary 3.1
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in Chen and Christensen (2018). Therefore,
E[|Rx (X, Z0)|] S Cur (k)0 00,0 = o(n™ /%)
by Assumption 11. In all, it follows that
K(g, h) = K(g*, h) = FraI'(Bo)[(h — ho), ug, | + % {llg" = gollA2 = llg = gollA 2} +o(n™),
and thus Assumption C.5-(ii) holds. |

Proof of Thoerem 6.4

Proof. Assumption 7 restricts attention to the class of regular functionals. Note that for any v;, € V;

and vy € Vo, [luplli,a S |lvnll2 and [|vgll2,a S ||vgll2 under Assumption 3-(ii). Assumption 8,

~ ~

together with Assumption 3-(ii), corresponds to Assumption 3.1 in Hahn et al. (2018a). Assumption
9 imply Assumption 3.3 in Hahn et al. (2018a). It remains to show that
Frnl'(ag)[(h — ho), u;] = FrI(a0)[(h — hon), u;] +o(n™h).
Observe that
[(ao)[(h — ho),uy, ] = (ao)[(h — hon), ug, ] + T'(ao)[(hon — ho),uy, |

and that

I'(ao)[(ho,n — ho), w, ]

= ‘ ZE[fY;\x,Zt (mo(Xit, 7o(Xi, ho(XiZit)))) - Oymo(Xit, 7o(Xi, ho(XiZit)))
t
X Opro(Xi, ho(XitZit)) - vy, - (hon — ho)

< sup |hon — ho| = o(n™1/?).

Therefore, Fr,I'()[(hon — ho),u) ] = o(n™'). This, together with Lemmas A.1 and A.2, implies

Assumption C.5, and the result follows by Proposition B.3. |

B Asymptotic Results in Hahn et al. (2018a)

In this section, I restate the asymptotic results in Hahn et al. (2018a) and Hahn et al. (2018b) to
make the proofs of the main results in this paper more concrete.

B.1 Consistency

I first present consistency and rate results in Hahn et al. (2018b). I slightly modify some parts of
assumptions if necessary, but such modifications do not affect the proof strategies in Hahn et al.
(2018Db).
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Assumption C.1. (i) E[l,(W;, )] > —oo; (@) for all € > 0, there ezists some non-increasing

positive sequence c,(€) such that for allmn > 1,

E[l.(W;, ag)] — sup E[l.(W3,0,ho)] > cn(e€)
{6€0,,:d(0,00)>€}

with liminf,, ¢, (e) > 0.
Assumption C.2. (i) 6y € © and d(-,-) : © x © = Ry is a (pseudo-) metric; (ii) for alln > 1,
O, C 0,11 C O and (iii) there exists m,00 € O, such that

[El. (W3, 7,60, ho) — 1u.(W5, 60, ho)]| = O(n2,n)

for some finite positive non-increasing sequence 1, with 02, J 0.

Assumption C.3. (i) There exists some finite positive non-increasing sequence 1o, such that
Mo + 0 and supgeo, nep, (ho) [Enllu(W, 8, R)]| = Op(non); (ii) there is a finite positive sequence
M,n such that ny, | 0 and

sup |El.(W3,0,h) —1,(W;,0,ho)l| = O(m1,n)-
0€0,,,heBn (ho)

Proposition B.1 (Consistency). Let u € U be given. Suppose that Assumptions C.1, C.2 and C.3
hold. Then, d(6,,600) = 0,(1).

Proof. See the proof of Theorem 5.1 in Hahn et al. (2018b). |

B.2 Rate of Convergence

I present a rate result which is similar to that of Hahn et al. (2018b), and the result is specialized
in the Lo-convergence rate. Let By g, n(ho) = {h € H : ||h — hol|2 < Klé;‘fw} N Hy, Bokyn(bo) =
{0 €©:]|10—00ll2 < K2} NO,, and By g, 0(00) = {0 € O : ||0 — bp|]2 < Kz}. To establish the

convergence rate of the two-step estimator, the following assumption is additionally required.

Assumption C.4. The following conditions hold:

(i) There exists some positive non-increasing sequence 63, such that
,

sup B[l (W, 7,60, h) — 1.(W, 6, h)]| = O(53 ,,)
h€Br, (ho)

for some constant Ky > 0;
(ii) for any small constant 6,6 > 0 and for any 6 € B, (00) with 6 < de(0,60) < 6, there exist

some positive non-increasing sequence 01, and finite constants ci, 1,Ck, 2 > 0 such that

sup  E[l.(W,0,h) — 1,(W,00,h)] < cr, 105, — iy 20%;
h€B1,kq,n(ho) '

(i4i) there exists a mnon-increasing sequence 6, such that

Sup |Mn[lu(wa9’h) - lu(W,e,ho)H = OP((S?L);
OEBQ)KQ‘”(GO)JIGBI,Kl,n(h())
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(iv) for all n large enough and for any sufficiently small J,

10, (0
E| sup il (W, 0, o) — 1,(W, 80, ho)]| < S22n),
{0€B3, 163, (00):110—00||2 <5} vn

where ¢y > 0 is some constant and ¢,(-) is some function such that 6~ 7¢,(J) is a decreasing

function for some v € (0,2).

Assumption C.4 corresponds to Assumption 5.4 in Hahn et al. (2018b) with a minor modification

for condition (ii).

Proposition B.2 (Convergence Rate). Let u € U be given. Suppose that Assumptions C.1 — C.4

hold and that there exists a finite non-increasing sequence g ,, such that
(80.n) 2 Pn(00.n) < cav/n.

If [| a0 — Oollo.2 = O(d9,,), then,
116, — Bolle2 = Oy (65.,.) -

where & ,, = 61,0 + 02, + 00, + o (or 0., = max (51’,“ 02.n, 00.n, Sg’n)).

Proof. 1 follow the proof of Theorem 5.2 in Hahn et al. (2018b). Let w > 0 be a small constant.

Since 6, is consistent, one can choose a large Kj; > 0 such that

Pr(||0, — Ooll0.00 > Knr) < w. (25)

Since ||m,00—0o||e,00 = 0(1), there exists a large constant Ky, > 0 such that ||7,00—6p||e,00 < Ko,-

Define K}, = max(K, Ky,) and
0,(M)={0€0,:2"5, <0 —bllo, < K}
Let I (w) = Pr(||0, — folle.2 > 2M5,). Then, by (25),
I (w) < Pr(d, € ©,(M)) + w. (26)

Claim B.1. Under the conditions,

Tngn(w) < Pr( sup [11,0(0,h0) + Lo (0, h)] + K (67, + 83,) > 0) + 5w
0€©,,h€B1 Kk, n(ho)

for some constant K.

Proof of the Claim From the definition of én, one can choose some sufficiently large constant
K1 > 0 such that
Pr(Lyn(0n, hn) — Ly (7060, b)) < 0) < w. (27)

)
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Combining (26) and (27), it follows that

Ingn(@) <Pr( sup Ly (0, hy) — Ly (7060, b)) > 0) + 2w. (28)
0€0,, (M)

Considering the even in (28), it is straightforward to see that

Lun (0, hn) = L (7000, hiy)
=t [le(W, 0, ) — Le(W, 700,00, 1)) + Lo (0, hn) — Luo(7n00, i)
=i [lu(W,0, 1) = L(W, 0, ho)] + i [Le (W, 700, ho) = Lu(W, 700, Fr )]
+ 1t [La(W, 0, ho) — Ly (W, 7,00, ho)] + Lu0(0, h) — Luo(80, )
=I1,n(0,ho) =I5 (0,hn)

+ Lu,0(907 iln) - Lu,O(ﬂ-nem iLn) (29)

By Assumption C.4-(iii), one can choose a large constant K5 such that

Pr( sup  pn[lu(W, 0, hy,) — 1,(W, 0, ho)] > K262, by, € N1 k,)
0€©, (M)

< Pr( sup [l (W, 0, 1) — 1 (W, 0,h0)]| > Ka02) <w.  (30)
0€B2,le,n(00)’h€BlyK1,Tb(h‘o)

Combining (28), (29), and (30), one obtains that

Hn [lu (W7 7771007 hO) - lu(Wa 7771007 iln)]

I]\/I,n(w) < Pr +Lu,0(90, hy) — Lu,O(ﬂ-TLQOa hy) >0, Bn c NLKl + 4. (31)
+ sup  [L1n(0, ho) + Ton (0, hy)] + K262
0€0, (M)
By the definition of BQ,K]’*C{’TL(GO), it is clear that m, 0, € BQ7K;J77L(90), and this, together with
Assumption C.4-(iii), implies that

Pr(in [l (W, 7000, 7o) — Lu(W, 000, hn)] > K202, by € N1 K,)
< Pr( sup |tn[lu (W8, ho) = 1,(W, 0, h)]| > K»07) < w. (32)
oeBz,le771(00),}74631,1(1,“(’10)
By the same argument for (31), one can show that
Lu,0(907 }Aln) - Lu,O(WnQOa iln)

Ingn(w) < Pr +96(§)UI(>M)UM(97 ho) + Lon(0,hn)l | > 0,7y € Brge,m(ho)| +5w.  (33)

+2K552
From Assumption C.4-(i), one can choose a large constant K3 such that

sup  [E[lu(W, 00, h) = 1,(W, m,00, h)]| < K383,
hEBl,Kl,n(hO)
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and this implies that

Pr(Ly0(00, tn) — Luo(mn00, hn) > K382, by € Bi ey n(ho))
< Pr( sup

|E[l.(W, 00, h) — 1,(W, 7,00, h)]| > K303,) = 0.
h€B1, Ky ,n(ho)

Then, it follows that

sup [Il,n(ga hO) + IQ,n (93 iln)]
IM,n(W) < Pr 0€0,, (M)

> 0| + 6w (34)
+2K502 + K363,

by the same way as before. Therefore,

sup [Il,n(oa hO) + I2,n(07 Bn)}
IM,n(UJ) < Pr 0€0,, (M)

>0, hy, € Bi iy n(ho) | + 6w,
+K (5% +63,)

where K = max{2K5, K3}. This ends the proof of the claim.
Claim B.2. Under the conditions,

Pr( sup [11,n(0, ko) + T2, (60, )] + K (65 + 63,) > 0)
0€0,,(M),h€B1 K, n(ho)

2 2
< § PI‘( sup Il,n(av hO) > CK1722 T - K — CK1,1)5;,n7
J>M 2155 <K%, 0€On ;

where ©y,; = {0 :275;,, < |10 — bol|l2 < 277155 }.

Proof of Claim Partition ©,,(M) into countably infinitely many disjoint pieces {0, ;}32 ), (i.e.
O (M) = U 0, and ©, ;N O, = for any j # j'). Then,

Pr( sup

[Il,n(av hO) + IZ,n(07 h)] + K((SEL + 5%71) Z O)
0€0,,(M),h€B1, k4 ,n(ho)

< Z Pr( sup

[11,(8, ho) + Io,n (8, h)] + K (62 + 83,) > 0).
j>M2i-isy <Ky 0€OmaheNLK

(35)
Then, by Assumption C.4-(ii), one obtains that
sup Igm (0, h) = sup Lu,O (9, h) — Lu70(00, h)
0€0©,, ;,h€B1 Kk, n(ho) 0€O, ;,h€B1 Kk, n(ho)
< CKl,l(s%n - CK1,2(2j6§,n)2
. 2
< (eri1 = ck1,22%)55 - (36)

Combining (35) and (36) ends the proof of claim.
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Claim B.3. Under the conditions,

0102[2(j+1)7 _'_K'Y]
Pr I, (0,h 2% K — 5 €
(02(1;131 b ( O) (CKI R ) % ’ﬂ) o |CK1 222] - K- CK1,1|

where ¢ denotes the generic constant and K. is some constant.

Proof of Claim Using Markov inequity and triangular inequality results in

Pr sup Tin(0.h0) 2 (cx 2% — K — e, 1)67) < —o0cOn, nll(W, 0 o) = LW, o o]
00, ; ' T (cky 222 — K — ciey 1)050,]
- Elsupgee,, , [tinllu(W, 8, ho) — 1, (W 00, ho)l]
- |(ck,,22%7 — K — CK1,1)59’n|
E[|pn[lu(W, 0o, ho) — Lu(W, m60, ho)]]
|(ck, 22% — K — cK1,1)6;?n| '

By Assumption C.4-(iv), it follows that

E[SUPeeenJ |1l (W, 0, ho) — 1,(W, 00, ho)]|] < Cl¢n(2j+15;,n)
(cry 22% = K — e, 1) 00| = Vnl(er, 22 — K = ¢k, 1)050,]
c1 (29185 ) P (271155 )
Vil(er, 22% — K — g 1)0;50 | (2415;,)7
C1 (2j+1) Cbn( ;n)
" ek 22% = K — ¢k, 1)| Vndg,
cre(20H1)Y
T |(ek, 229 — K — ek, 1)|]

where the last two inequalities hold by the fact that § — ¢,(6)/d” is a decreasing function and the
definition of dg ;.
Since ||m,00 — bolle,2 = 0(3977,,), choose K, > 1 large enough so that ||7,00 — 0gl]2 < KGSQJL. By

C.4-(iv) and the same argument above, one obtains that

El|pin]lu (W, 00, ho) — 1,(W, 7,60, ho)]|] < E[l SUPgco,,:||6—b0|lo.2 < Kcdo.n pon [l (W, 00, ho) — Lu(W, 6, ho)]]

|(ck, 22% — K — ¢, 1)850,] - (cr, 22% — K = cxe, 1))
Clchg

~ ek, 22% — K —ci, )|

and therefore the claim holds. Then, it follows that

2. e[+ K7

- + dw.
(61(1,222'7 - K- cK1,1)|

IM,n<w) S

G>M2i-165 <Kj,

crea (PP T4 KD
102[(2 )T +K]] <w,
M I(CKl 2227 —K — CKq, 1)‘

which leads to that I, (w) = Pr(||0, — Oolle2 > 2Ms3 ) < 6w for sufﬁc1ently large n and M > 0.
This ends the proof. [ |

Since v < 2, one can choose M sufficiently large so that ZpM 29153 <K}
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B.3 Asymptotic Normality

The following assumption is a version of Assumption 3.2 in Hahn et al. (2018a), which is a high-level

assumption, that is needed to establish the asymptotic normality of functionals. For any g € N ,,

* *

let g* = g + Kyu) with £, = o(n™'/2), and recall that (u}, ,u} ,uf )= on ]l (vy, v s Vp )

Assumption C.5. (i) The following conditions hold:

Sup |Un [lu(wv g*v h) - lu(Wa 9, h) - AQ(W,Q, :l:/ﬁn ’ Op
a€Na,n
SUD. i [Aa2(W, g, h)[ug ] — Aa(W, go, ho)[u ’ Op(k
acNa,n

(ii) define K(g,h) = E[l,(W,g,h) — 1L,(W, go, ho)]. Then, uniformly over (h,g) € Non,

g™ — g0l3,4 = llg = goll3 A
2

K(g,h) —K(g", h) = Frnl'(ao)[h — hon] +
Proposition B.3. Suppose that Assumptions 7, 8, 9, and C.5 hold. Then,
\/ﬁf(o‘"ﬁ};'f(%) 4 N(0,1).
nllsd

Proof. This result is a direct consequence of Theorem 3.1 in Hahn et al. (2018a).
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