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1 Introduction

Consumption baskets are heterogeneous across households of different income levels.
Cravino et al. (2020) and Vieyra (2018) find that the prices of luxuries, which are consumed
more intensively by higher-income households, are stickier and less volatile than those of
necessities. Argente and Lee (2020) and Cavallo (2020) document that lower-income groups
experienced higher inflation rates during the Great Recession and the recent pandemic, re-
spectively. Since heterogeneous consumption baskets translate into different price indices
across households, shocks that have differential effects on sectoral inflation alter relative
prices to generate distributional effects through households’ budget sets. Monetary policy
also has redistributive effects, because it can respond to and influence sectoral inflation dif-
ferently, affecting relative prices. This phenomenon calls for better understanding of how
monetary policy affects different groups in the economy differently and how policy should
address the distributional issues that arise from heterogeneous consumption baskets.

We extend the optimal monetary policy work of Aoki (2001), Benigno (2004), and Bilbiie
(2008) to analyze consumption basket heterogeneity and its distributional implications for
the policy. How do heterogeneous consumption baskets affect equilibrium dynamics? Does
heterogeneity generate new inefficiencies and policy trade-offs? How do the new redistributive
channels of monetary policy operate? How does optimal monetary policy change? What
are the consequences if the central bank neglects heterogeneity”?” What are the implications
of income inequality in this environment? Answers to these questions will fill a gap in the
literature.

This paper contributes to the literature in three respects: study the new redistribu-
tive channels of monetary policy that are absent under homogeneous consumption baskets;
derive micro-founded welfare loss functions and conduct normative analyses by comparing
heterogeneous and homogeneous consumption baskets; and draw implications for designing
an inflation rate a central bank targets that accounts for the distributional consequences of
heterogeneity:.

We show that to maximize social welfare, the central bank can and should deal with
distributional issues at the cost of overall price instability. T'wo main conclusions emerge: (1)
optimal monetary policy targets non-zero output gaps; (2) optimal policy benefits borrowing-
constrained households at the expense of the unconstrained households by targeting inflation
rates weighted toward the goods that are consumed more intensively by the constrained
households. The existing literature, such as Aoki (2001), Benigno (2004), Mankiw and Reis
(2003), and Eusepi et al. (2011), find that a central bank should stabilize a price index that

is weighted heavily toward sectors with less flexible prices. In contrast, this paper finds that



optimal policy does not necessarily seek to stabilize less flexible prices, and identifies a new
rationale for stabilizing inflation in sectors with more flexible prices.

We employ a two-agent—financially constrained and unconstrained—New Keynesian
(TANK) framework to model the fact that 25-40% of households live hand-to-mouth based
on either net worth or liquid wealth, with limited access to financial markets. They are at
a kink in their budget set and insensitive to small changes in interest rates (Kaplan et al.,
2014, 2018; Aguiar et al., 2020; Bilbiie, 2008; Debortoli and Gali, 2018). We extend the
TANK model to two sectors, which are subject to aggregate and sector-specific productivity
shocks. To be consistent with the empirical evidence that consumption baskets are heteroge-
neous across different income levels and that hand-to-mouth households are relatively poor,
we assume that the two types of households consume different shares of goods. They have
different CES preferences over the goods, consume different baskets, and face different price
indices. This causes households to face different real wages, even in an economy-wide labor
market with perfect labor mobility and substitutability, and thus they face idiosyncratic real
wage risk. Households also face idiosyncratic non-labor income risk due to the asymmetric
distribution of dividend and transfers.

In this economy, monetary policy has redistributive channels through sectoral inflation
and relative prices that are absent under homogeneous consumption baskets. Although
monetary policy cannot fully stabilize sectoral inflation in both sectors simultaneously un-
der asymmetric disturbances, it can still choose which sectoral inflation to stabilize more,
effectively redistributing across sectors. When consumption baskets are homogeneous across
households, monetary policy has few distributional consequences across households through
sectoral inflation, because households face the same price indices and real wages, and hence
sectoral inflation and relative prices affect them symmetrically. Thus, optimal policy under
homogeneous consumption baskets focuses mostly on price rigidities as demonstrated in ex-
isting work. As we introduce heterogeneous baskets, however, we find that monetary policy
has significant distributional implications for the welfare of households, because stabilizing
inflation in a specific sector more is more beneficial to households that consume goods more
intensively from the corresponding sector, and translates into effectively redistributing across
households. The more stable are a household’s consumption-relevant inflation rates and real
wages, the lower its consumption volatility (Real Wage Stabilization Channel), the less its
consumption loss from price dispersion (Consumption Support Channel), and the higher its
expected welfare. Consequently, optimal policy considers the redistributive effects as well as
the distortions from price rigidities.

Under heterogeneous consumption baskets, imperfect risk-sharing gives monetary policy

a new role to deal with the distributional inefficiencies. First, the impossibility of achieving



the first-best outcome and new trade-offs lead optimal policy to target non-zero output gaps.
Suppose asymmetric productivity across sectors under flexible prices. The more a household
consumes from the higher productivity sector, the lower its price index and the higher its
real wage become. Thus, the labor hours of households diverge. They would trade financial
instruments to insure against idiosyncratic real wage risk in the frictionless economy, but due
to the borrowing constraints, households cannot equalize the marginal disutility of labor and
fail to achieve the first-best outcome even in the absence of nominal frictions. Consequently,
monetary policy confronts a trade-off whereby sectoral output gaps and labor hour gaps
cannot be closed simultaneously. This is the distributional inefficiency from imperfect sharing
of idiosyncratic real wage risk. In order to balance the marginal utilities of consumption and
marginal disutilities of labor across households, optimal policy targets non-zero output gaps,
as we show in the micro-founded welfare-theoretic loss function.

Second, due to the asymmetric responsiveness of consumption across households, optimal
inflation targeting policy benefits the constrained households more and targets an inflation
rate weighted toward them. The constrained households have higher wage elasticity of con-
sumption than the unconstrained households due to the countercyclicality of markups under
demand shocks and imperfect risk-sharing. Hence the marginal utility of consumption di-
verges inefficiently between households. This is the distributional inefficiency from imperfect
sharing of idiosyncratic non-labor income risk. Optimal policy benefits the hand-to-mouth
households more in order to redistribute toward reducing differences between households’
marginal utility. By stabilizing the constrained households’ consumption-relevant inflation
rates to a greater degree, the variations of their real wage and consumption are subdued
(Real Wage Stabilization Channel) and consumption loss from price dispersion is also re-
duced (Consumption Support Channel). As such, the central bank effectively redistributes
resources from households with lower marginal utility to those with higher marginal utility,
which maximizes social welfare. In the end, heterogeneous consumption baskets lead the
central bank to target inflation rates that are weighted toward the goods that are consumed
more intensively by the constrained households—and not merely the goods with less flexible
prices as existing work finds.

Under homogeneous baskets, however, this is not the case. First, in the absence of nomi-
nal rigidities, households face no idiosyncratic real wage risk, thus the borrowing constraints
are not binding. There is no trade-off between distributional variables and optimal policy
targets zero output gaps. Second, despite imperfect sharing of non-labor income risk and the
asymmetric responsiveness across households, the central bank cannot redistribute marginal
utility across households through sectoral inflation, because the redistributive channels of

monetary policy that operate through different price indices degenerate. The inefficient vari-



ations of distributional variables are rather at the aggregate level and cannot be addressed
by redistribution across sectors.

This study finds that income inequality across households significantly strengthens the
main results: As we introduce larger degrees of income inequality, optimal policy assigns
even more weight to the stabilization of inflation in the sector of goods that the constrained
or the poorer households consume more intensively.! Since the hand-to-mouth or the poorer
households have higher marginal utility and higher responsiveness of consumption, the util-
itarian central bank cares disproportionately more about them and redistributes marginal
utilities in their favor to maximize the social welfare.

Through numerical experiments, we also find that if the central bank neglects heteroge-
neous consumption baskets across different income levels, the policy would worsen inequality.
The consequences would then be more beneficial to the richer or unconstrained households

than optimal, at the cost of the poorer or constrained households.

Related literature This work contributes to various strands of the literature. First, this
study relates to the literature on heterogeneous consumption baskets. Vieyra (2018), Clay-
ton et al. (2019), and Cravino et al. (2020) find the evidence on heterogeneity in consumption
baskets across households of different income and education levels and investigate its impli-
cation for dynamics in quantitative models. Specifically, Cravino et al. (2020) and Vieyra
(2018) find that the prices of luxuries are stickier and less volatile than those of necessities,
and Clayton et al. (2019) establish that prices are more rigid in sectors that sell to college-
educated households. Argente and Lee (2020) construct income-specific price indices from
2004 to 2010 and investigate the mechanism behind the differences between them. Cavallo
(2020) finds a significant difference in inflation rates across income groups after the outbreak
of COVID-19. However, these studies do not address the normative questions of optimal
monetary policy. We construct a model that allows comparison of heterogeneous and homo-
geneous consumption baskets, derive a micro-founded welfare-theoretic loss function for each,
and conduct normative analysis to draw implications of heterogeneity for the redistributive
channels of monetary policy and optimal policy.

This study is also related to the literature that examines heterogeneous agents, par-
ticularly in a two-agent framework. Bilbiie (2008) sets up a TANK model and studies the
implications of limited asset market participation for dynamics and optimal monetary policy.
Debortoli and Gali (2018) also build on a TANK model and study the implications for aggre-
gate dynamics, comparing it with dynamics from RANK and HANK models. These studies

"'We check that the results are robust to the degrees of heterogeneity in consumption baskets, relative
degrees of price stickiness, distortions from monopolistic competition, and whom to tax to finance subsidies.



employ a single-sector framework in which households consume homogeneous baskets. Our
multi-sector TANK model nests both heterogeneous and homogeneous consumption baskets,
which allows us to extend the existing analyses to heterogeneous consumption baskets in a
two-agent two-sector framework. Moreover, we extend our numerical analyses to cases with
nonlinear production functions that allow income inequality across households.

This study is also related to the extensive literature on optimal monetary policy. Most
research on optimal policy, such as Aoki (2001), Benigno (2004), Woodford (2003), and
Bhattarai et al. (2015) has been conducted under a framework in which consumption baskets
are homogeneous. There are some studies that consider home bias in the open economy
framework. De Paoli (2009) and Faia and Monacelli (2008) study optimal monetary policy
in a small open economy characterized by home bias. Auray and Eyquem (2013) examine
optimal monetary policy in a monetary union with home bias. However, these works do
not fit the study of an economy with hand-to-mouth households and labor mobility. To the
best of our knowledge, this paper is the first to derive a micro-founded welfare-analytic loss
function and to study the normative implications of heterogeneous consumption baskets for
optimal monetary policy in an economy that features heterogeneous-agent with differential
access to financial markets and multi-sector with perfect labor mobility.

Lastly, this paper contributes to the literature that studies which price indices central
banks should target. Aoki (2001), Benigno (2004), Mankiw and Reis (2003), and Eusepi
et al. (2011) find that a central bank should stabilize a price index that is weighted heavily
toward sectors with less flexible prices. This implies that a central bank should target core
inflation rather than headline inflation. In contrast, we identify a new rationale for stabilizing
inflation in sectors with more flexible price and for targeting headline inflation.

The rest of the paper is organized as follows. Section 2 presents the structure of the model
and examines equilibrium dynamics for both heterogeneous and homogeneous consumption
baskets. Section 3 considers the redistributive channels of monetary policy and the asym-
metric responsiveness across households. Section 4 derives the welfare loss functions and
optimal monetary policy. Section 5 discusses the consequences of neglecting heterogeneity

and studies optimal inflation targeting policy. Section 6 outlines some possible extensions.

2 Model

We build on a two-agent framework to model that some 25-40 percent of households live
hand-to-mouth (HtM) based on either net worth or low liquid wealth, facing limited access
to financial markets. HtM households are at a kink in their budget set and are insensitive

to small changes in interest rates; they have a high marginal propensity to consume out of



transitory income changes, which can account for the high correlation between consumption
and the transitory component of income growth. (Kaplan et al., 2014, 2018; Aguiar et al.,
2020; Bilbiie, 2008; Debortoli and Gali, 2018). We extend a TANK model to a two-sector
framework that nests heterogeneous and homogeneous consumption baskets. To be consis-
tent with the empirical evidence that consumption baskets are heterogeneous across different
income levels and that hand-to-mouth households are relatively poor, we assume that the

two types of households consume different shares of goods.

2.1 Households

Households are either one of the two types, Constrained or Unconstrained, indexed
by h € {C,U}. They are populated by measures A and 1— A, respectively, so the total
population is normalized to 1. Type U households have access to financial markets, while
type C' households do not.

Both types of households get utility from consumption and disutility from labor supply,

U(Chy, Nny) = U(Chyt) — VI(Niy)
Chi'™ Nyt

l—0o 1+

but their preferences on sectoral good 1 and 2 are different, generating “heterogeneous con-

92

sumption baskets.”” Each type of household consumes heterogeneous baskets or different

final goods, Cy; and C¢, according to their CES preference parameters, wy and we,

1 n—1 1 n—1 I
CUt = CL)Z]/C[LLt n 4 (1—(JJU)’70U’2¢ n (21)
n

1 -1 1 n=1|n-1
CCt = wgC’ql,t n —I—(l—wc)"CC&t n (2.2)

[

6—1 _v
where C}, j; = (fzj(z%)%Chyjyt(Z‘)Tdi) =1, je{l1,2} are indices of household h’s consumption
of sectoral good j that are CES aggregates of a continuum of differentiated goods, Cj, j (i),
produced in sector 1 if i € Z; =0, z1], and in sector 2 if i € Ty = (21, 1]. The parameters z; and
23(= 1—21) measure the economic size of each sector. o1 is the elasticity of intertemporal

substitution and ¢! is the Frisch elasticity of labor supply, while n and @ denote the elasticity

2There are various ways to generate heterogeneous consumption baskets. One of them is to assume non-
homothetic preferences where consumption baskets are endogenously different across households of different
income levels. Another way is to assume homothetic preference but with exogenously different weight on
each good. In this paper, we adopt the latter assumption.



of substitution between sectoral good 1 and 2, and that across differentiated goods produced
within each sector, respectively. We assume that (sectoral) good 1 is the numeraire.
Since consumption baskets are different, each type of households face “heterogeneous

consumer price indices (CPIs)” of their own final consumption good

=
PU,t = |:(.UUP117t_n + (1—WU)P217t_n:| (23)

1
1—-n

Pey = |:WCP11,t_n + (1_WC)P21¢_77} (24)

1

where Pj, = (fz %Pj,t(z’)l_edi) =0 j € {1,2} are price indices of sectoral goods, Cj ¢,
J )

determined by the supply side as Eq.(2.20) in Section 2.2. The (consumption-relevant) real

. Py W .

wages for each type of households are derived as Wp,; = }’;t . and we define the relative
. P ’

price as ;= %.

Labor market is economy-wide with perfect labor mobility across sectors and labor sup-
plies are perfect substitutes.” Despite a single equilibrium nominal wage that applies identi-
cally to all the households and firms, each household faces “heterogeneous real wages” due
to heterogeneous consumer price indices. Thus households face idiosyncratic real wage risk
under heterogeneous consumption baskets. In addition, they face idiosyncratic non-labor in-
come risk, because two types of households have different sources of non-labor income such

as dividend, transfer and tax.

2.1.1 The Financially Unconstrained

Type U households, populated with mass 1 — A\, have access to the bond market and
the stock market, thus earn dividend from the firm’s profit as well as labor income. They

maximize present value of expected lifetime utility Eq.(2.5) subject to the budget constraint
Eq.(2.6),

>0 cloo N
max E L P/ } 2.5
{Cu,t,Nu}:2, 0 ; B {1 -0 1+ ( )
s.t. PyCus+ By + P1ViSuy (2.6)

= Bys—1(1 +i4-1) + PLuWiNyy + Pii(Dy + Vi) Sus—1 + PriTuy

3We do not make any assumptions on differences in labor productivity nor restrictions on labor mobility
to focus on heterogeneous consumption baskets and resulting heterogeneous price indices.



where By, and Sy denote holdings of one-period nominally riskless bond, and of the share
in a fund that owns all the firms where the total supply of stock is normalized to 1. In each
period t, bonds that mature in period t+1 are traded at the nominal interest rate i;, while

shares, a claim to dividend D, are traded at price V;. The dividend Dy is defined as

Z 1 T)Wt i i
D= Z/ ( Py AA,y )Y%t(l)dl

7j=1,2

where 7 is subsidy rate on labor cost that will be covered in Section 2.2. Ny, and W,
are labor supply of type U and the wage, and Ty, is the net lump-sum transfers from the
government. Wy, Dy, and Ty, are measured in units of the numeraire (good 1). 0<f <1 is
the intertemporal discount factor.

.

The first order conditions with respect to Cyy, Ny, and By, from Eq.(2.5) and Eq.(2.6)

give the Euler equation and optimal condition for labor supply

1 C(;?H Py
= F ot 2 — FLLA 2.7
R A R 1)
Nl‘it _ Pl,tWt (2 8)
z;(tr Py
(;t-!—l PUt

where Ay 41 = f—5 is the stochastic discount factor. Given decisions on Cy,, house-

Cyl Py
holds optimally allocate the expenditure on Cp;; and Cpy o+ by minimizing the total expen-

diture Py;Cp¢ under the constraint given by Eq.(2.1)

P\
Cuit = wu P_ Cut (2.9)
Ut
P\
Cuar = (1-wv) P Cuy (2.10)
Ut

Now given decisions on Cy 1+ and Cpay, households optimally allocate the expenditure on
Cua,4(i) and Cyo,(2) by minimizing the total expenditure P, ;Cyq ¢ and P5,Cpo, under the
constraint given by the definitions of CES aggregates Cy 1 and Cp oy

. 1/ P\ "°

Cunz(i) = 2_1( ;(Z)) Cuiz (2.11)
. 1/ Py,(i)\"°

Cuau(i) = 2—2( 33;(:)) Cuay (2.12)



2.1.2 The Financially Constrained

Type C households, populated with mass A, live hand-to-mouth, have no access to the
bond market and the stock market, and face borrowing and savings constraints. Wage income
is the only source of their income except transfers. They maximize utility Eq.(2.13) each

period subject to the budget constraint Eq.(2.14),

CI—U Nl-‘rlﬂ
max r Gt (2.13)
{CcuNeyd |[1—0o 1490
s.t. PC,tCC,t = Pl,tWtNC,t + Pl,tTC,t (214)

where N¢; is labor supply and T¢; is the net lump-sum transfer from the government
measured in units of the numeraire (good 1).
The first order conditions with respect to Cc, and N¢; from Eq.(2.13) and Eq.(2.14)

give the optimal conditions for labor supply

= —— 2.15
5; PC7t ( )

Given decisions on Cg, households optimally allocate the expenditure on Ce 1, and Ceo oy

by minimizing the total expenditure Pr:Cc,; under the constraint given by Eq.(2.2)

P\
Ccir = we P_ Ce (2.16)
Ct
P\
Coor = (1-we) D Coy (2.17)
Ct

Now given decisions on C¢ 1, and Cc oy, households optimally allocate the expenditure on
Ceoq1.4(7) and Cea4(i) by minimizing the total expenditure P ;Cc 1 and PaCe o, under the
constraint given by the definitions of CES aggregates Cc 1, and Ceoy

. 1/ P()\"?

Cena(i) = 2_1(}3;1(15)) Cony (2.18)
. 1 [ Poy(i)\ "’

Cepu(i) = 3_2(%(15)) Ceopy (2.19)
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2.1.3 Two Special Cases

For the analytical study, we focus on the comparison of the following two cases for

simplicity and tractability:’

(1) HetCB completely heterogeneous consumption baskets (wy =0, we=1)

Households specialize their consumption: wy =0 denotes that type U households consume
only good 2, thus Cy = Cyay, Pyt = FPoy and Wy = %, while we =1 denotes that type
C households consume only good 1, Ccy =Cc 14, Poyr= Py and W, =W,. Heterogeneous
consumption baskets result in heterogeneous price indices between two household types,
which in turn leads to heterogeneous real wages despite one nominal wage under economy-

wide labor market.

(2) HomCB completely homogeneous consumption baskets (wy =w¢= %)

If wy =we =w holds, both types of households consume the same baskets of goods or

final good. Thus, they face identical price indices, Py, = FPc;, and real wages.

2.2 Firms

Firm i € [0,1] in each sector j € {1,2} is a monopolistically competitive producer that

produces differentiated good Y;;(i) through a constant returns to scale production function
Yje(i) = AeAj N (i)

where Y (i) and N, (i) are output and labor employed by firm i.” © A, and A;, are economy-
wide and sector-specific productivity, respectively, that follow AR(1) process in log.” Each

firm faces its own demand function from both types of households’ optimization

P . —0 P -n P, . -0 P -n

. l—wy [ Pyy(1) P\ l—we [ Pay(i) P\
Yaouli) = (1= 200N (228 o4 200N () g
2:4(0) ( ) 29 ( Py Py Ut 29 Py, Pcy o

)

4We extend our study to the general cases of heterogeneous consumption baskets in Section 5, and find
that the main results are robust.

5We extend the model to introduce a decreasing returns to scale production function for numerical study
in Section 5, and find that the main results are further strengthened as inequality gets larger.

6Firm 4 is in sector 1 if i€ Z; =[0, 1], and in sector 2 if i € Ty =(z1, 1].

Tay = paai_1 + 04e¢, €* ~ N(0,1) where a; = logA;

Ajt = Pa;@ji—1 + UajE?j, €% ~ N(0,1) where a;; = logA,;
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Given the outputs and labor employments of a continuum of ﬁrms, we define the sectoral out-
put as a CES aggregate of differentiated goods, Y; = ( fz Y],t(')%di)%, and sectoral
labor employment as the sum of labor employment in each sector J, Nji= fzj N;(i).°

We model nominal friction as in Calvo (1983) and Yun (1996). Firms in each sector
re-adjust their prices with probability 1—a; each period. A firm that resets its price P} ,(7)

at period t maximizes its expected sum of discounted profit

o EtZaAMS[ iy - B Pt | *('))_ems

AtJrsAj,tJrs Pj,tJrs

where Ayiys = SCtU*ﬁ, Pl’}U is stochastic discount factor between period t and t+s. Since
type C' households are ﬁnancially constrained and type U households own all the firms in
the economy, the shareholders use their own discount factor in discounting expected future
profits of each firm. We eliminate the inefficiency that originates from imperfect competition
at the steady state by introducing a proportional subsidy on labor cost at rate 7.’

The first-order condition of a price-setting firm’s problem is:

Etzamm( <>)—9Yt+slp*(.) LRELTR 0

] t+s -1 At+sAj,t+s

All the price-setting firms at a certain period within each sector choose the same optimal
price in equilibrium, P}, (i) = P;;. Considering all the firms that adjust prices and do not,

the sectoral price level in sector j is determined by:

1
-6

Py = |(1—ay) P ™ + oy Pyya ™" (2.20)

Given sectoral price levels, each type of households’ price index, P, is differently determined

by Eq.(2.3) and Eq.(2.4) according to the corresponding consumption baskets.

8In equilibrium, sectoral output equals sectoral consumption which is the Weighted sum of demand from

both types of households: Y}, = (1-\)Cy, ¢ + ACc ;. Thus we have that Y; (i) = 1 ( H(ti))—eyjt

9A positive markup, 9 7, arising from monopolistic competition, lowers output below its efficient level.
Since it is irrelevant to this study, we eliminate this inefficiency by assuming subsidy on a firm’s labor

employment cost at the rate 7 that satisfies 1—7 = efgl.
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2.3 Fiscal and Monetary Policy
The government budget constraint is given by:

Bay
141

Bgi1 = + PG+ (=N P Ty + AP Toy + 7P Wi (Ny+Nay)

The government buys goods, Gy, transfers lump-sum (net of tax) to each type of households,
1

Ty and Tiy, and subsidizes firms proportionally for their labor cost at subsidy rate 7= 3
to remove monopolistic distortion in steady state. The government participates in the bond
market to borrow (Bg<0) or lend (Bg;>0), or to implement open market operations.
Fiscal policy is characterized as follows:'" there is no government expenditure (G;=0);
the government does not transfer lump-sum to and from type C' households (T¢;=0), and
does not issue nor buy bonds (Bg; = 0). The government needs to finance employment
subsidy by tax or issuing bonds, and its decision on whom to tax has nontrivial effects on
dynamics and income inequality as we discuss in the following section. We assume that the
government tax only the unconstrained households.!! This assumption results in a symmetric
steady state with no income inequality between households; since the source of the firms’
profit is monopolistic competition under linear production function, subsidy induces no profit
and no non-labor income for the unconstrained households at the steady state.'” But we
find in Section 5 that our main results are robust to whom to tax to finance subsidy, and
are further strengthened as we introduce income inequality by relaxing assumptions on tax

rules and introducing a decreasing returns to scale production function.

10Unlike in models with a representative agent, the aggregate and distributional consequences of monetary
policy are nontrivially affected by the details of fiscal rules in models with heterogeneous agents, because
Ricardian equivalence generically fails to hold. As explained in Kaplan et al. (2018), monetary policy has an
indirect effect that operates through fiscal policy; for example, an exogenous shock on interest rate affects the
government budget constraint, which in turn affects each households’ budget constraints and their decisions
through fiscal rules.

"Then, bond holdings and transfer (net of tax) terms in the type U households’ budget constraint cancel
out by the government budget constraint and bond market clearing condition, leaving subsidy term only;
this is exactly the same as in models with representative agent. As a result, Bg . plays little role in the
bond market mechanism of monetary policy implementation, shutting down the indirect channel of monetary
policy through fiscal sides. Hence we can simply assume B :=0. Consequently, type U households ends up
financing the subsidy, which is ultimately rebated back to them in the form of dividend.

12Considering that this study focuses primarily on qualitative aspects rather than on quantitative aspects,
we suppose the assumptions are innocuous. Moreover, those assumptions put aside the indirect channel of
monetary policy enabling us to shed light more on the implications of heterogeneous consumption baskets
itself, and make welfare analysis simpler facilitating comparisons of this study to the findings in the literature
such as Benigno (2004).

13



Lastly, monetary policy characterized by a Taylor rule closes the model.

L= LM\ (a7 (Vi \ ™ (V| ™ )
1y = — | — r—— ~ X 5 €x 14
e\ \m) ) ) TP
where Yﬁ is the efficient level of sectoral output j and 14, is monetary policy shock that

follows AR(1) process. We assume zero inflation steady state (II; =TI, =1).

2.4 Market Clearing

All the markets clear in equilibrium: clearing conditions for the goods markets (sectoral
good j and a continuum of differentiated good i), economy-wide labor market, bond market,

and stock market are given by

2.5 Equilibrium under HetCB

Now we characterize the equilibrium under completely heterogeneous consumption bas-
kets (HetCB, wy =0, we=1). We establish the efficient (first-best) allocation, and charac-
terize the model equilibrium in terms of percentage deviation from the efficient allocation.'’
Imperfect risk-sharing in real wage leads to the impossibility of achieving efficiency and a

new trade-off, generating distributional inefficiencies from idiosyncratic real wage risk.

2.5.1 Efficient Allocation

We derive the economy’s efficient allocation by solving a social planner’s problem that

maximizes the weighted sum of utility of both types of households, subject to the resource

13We set the parameters z; and z3(= 1—21) as A and 1—\ to measure the economic size of each sector.
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and technology constraints
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where {w),} denotes Pareto weights. First order conditions with respect to Cj ¢, Np;, and

Y;.(i) are given by
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where g1, p1o and ps are Lagrange multipliers. According to the last two conditions, Yj (i)

should have a common value, Y;,(i) = %, implying no output dispersion within sector in
J

the efficient allocation. By simplifying the first order conditions and the constraints, the

efficient allocation is characterized by
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where F stands for “Efficient.” The intuition for the first two efficiency conditions is straight-
forward: marginal utility earned from the goods marginally produced should equal marginal
disutility when a household supplies one more unit of labor to the sector of its consumption.
The efficient allocation is affected by relative Pareto weights, z—g; how much a social
planner values each household determines its corresponding efficient allocation. In this study,
we assume that a social planner is utilitarian (wwy =w¢), so that the market outcome without
nominal and financial constraints coincides with the efficient allocation, and the steady state
of the market outcome regardless of frictions coincides with that of the efficient allocation.

The dynamics of log-linearized variables expressed in terms of exogenous processes are:
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where the signs are when ¢ < 1 and o > 1, respectively. The lower-case letters denote
percentage deviations from the steady state, and the sectoral output equals the consumption
of the corresponding type of households. The implied wage and relative price in the efficient
allocation are derived as wf =a;+ap; and qF =a;;—asy, so we identify heterogeneous real
wages, wé, (= wf’) = ay+a1y and wii,(= wf —qf) = a+az,.

In the efficient allocation, labor hours are equalized between households: perfect substi-
tutability of labor hours with identical productivity and the convexity of disutility of labor
lead the social planner to equalize marginal disutility of labor to minimize the social disu-
tility cost in production of any sets of outputs. However, consumption would not equalize
generically due to heterogeneity: because marginal utility gain is higher in the sector with
higher productivity given one additional unit of labor hour, the social planner finds it effi-

cient to produce more goods in that sector. Thus it is efficient that households who consume

16



goods from the sector with higher productivity more intensively consume more.

Note that the value of o matters for the scale and direction of each sectoral and dis-
tributional variable in their dynamics, because o measures the relative size of the income
effect compared to the substitution effect in labor supply decision and the extent to which

households care about the variation of consumption. '’

Throughout the paper, we make a
baseline assumption that o <1, because it is more intuitive that labor supply schedule on
wage is upward sloping, and it is shown by some studies on labor supply that the income
effect is not big enough to dominate the substitution effect. However, the main results of
this paper do not change qualitatively with the assumptions on o.

Let us check how the efficient allocation can be achieved by the frictionless market out-
come under a positive shock on sector-specific productivity a;;.'” Higher productivity in
sector 1 affects the real wages differently: it increases the real wage and consumption of
type C households who consume good 1 intensively, and if o0 <1, a higher wage leads to an
increase in labor supply of type C households, which is reconciled with a large increase in
demand for good 1 following the shock. However, there is no direct effect on the real wage
of type U households who consume good 2 intensively. As the labor hours of both types of
household diverge, an incentive to trade financial instruments to insure against idiosyncratic
real wage risk is created: due to the convexity of disutility of labor, both types benefit from
it and achieve Pareto improvement by equalizing marginal disutility of labor; the real wage
risk is perfectly shared, achieving efficiency conditions. As a result, labor supply of type U
households increases while that of type C' households decreases. Since more labor supply
translates to a higher disutility for type U households, their consumption decreases.'® ' We
will discuss more in Section 2.5.3, that if we introduce borrowing and savings constraints

into the frictionless economy, the market outcome cannot obtain the first-best allocation.

HIf o < 1, the substitution effect dominates the income effect, and an increase in wage leads to more labor
hours. In addition, the elasticity of intertemporal substitution is higher, because households care less about
consumption smoothing. If ¢ > 1, the opposites hold true.

15The symmetric mechanism applies for the other sector-specific shock, as ;.

16 A5 the elasticity of intertemporal substitution is high (o < 1), households care less about consumption
smoothing and the responses of their consumption to shocks are large. Thus, the labor employment in sector
1 increases despite a positive sector-specific productivity shock due to a larger increase in demand for good
1, while labor employment in sector 2 decreases as the demand falls by higher disutility of labor supply of
type U households.

17If o> 1, however, a higher wage lowers labor supply of type C' households, and this is reconciled with a
small increase in demand for good 1 following the shock. As the real wage risk is perfectly shared, labor hours
of type C households decreases, from which they would have lower disutility leading to an increase in their
consumption. ¢ > 1 implies that households care more about consumption smoothing, and their responses
are relatively smaller. Thus, labor employment in sector 1 rather decreases due to a higher sector-specific
productivity, while labor employment in sector 2 increases as the demand rises by lower disutility of labor
supply of type U households.
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2.5.2 Approximate Allocation

We approximate the decentralized model by log-linearizing the equilibrium conditions
around the deterministic efficient zero-inflation steady state. The market outcomes with no
frictions coincide with the first-best allocation. However, as we introduce nominal friction
and financial constraints, the market outcome would deviate from the first-best; we find
that the first-best outcome is not implementable even in the absence of nominal rigidities.*
We provide the system of equations expressed in welfare-relevant gaps: variables with tilde
denote percentage deviations from the efficient allocation.'” Note that output is aggregated
at the sector-level and we have ¢y = y1, and ¢y = y24, because each type of households
consume goods of different sectors under HetCB.

The first set of equations are from the household side:

Yot — Ey[yoi41] = _;(it — Ey[mo 4] — Tf)

Ny + oo = W — Gy

—~ —~ —~ —~
[\] [\
w [\

~— ~— ~— ~—

Yne: + oY1 = Wy

l1-0

~ | o~ ~ E
Wy +Ner = Y1+ 224

where the real interest rate in the efficient allocation is 7 =0 (E[ys,, 1] —y3)-

Eq.(2.21) is the Euler equation of type U households: the output gap in sector 2 is a
function of the sum of the current and the expected future real interest rate gaps. Since type
U households consume good 2 intensively, the Euler equation is expressed in variables from
sector 2. There is no Euler equation for type C households who make purely static decisions
due to the financial constraints. Eq.(2.22) and Eq.(2.23) are the labor supply schedules
of each type of households who face different real wages and idiosyncratic real wage risk:
wC,t(Ewt) # wU,t(Ewt—C]t)-

Financial constraints are shown in Eq.(2.24), which is the budget constraint of the con-
strained households.”’ Note the adjustment term in ¢”, the relative productivity; this term
is created due to the impossibility of achieving efficiency under asymmetric disturbances,
and implies the amount of bond that type C' households would desire to trade to share real

wage risk if efficiency were to achieve. We discuss the impossibility of achieving efficiency in

18This is discussed in Section 2.5.3

19We provide the full system of equations and their derivations in the Appendix Section B.

20Type U households’ budget constraint, Yot =We—q + nU,t—l—;le(dt —ty,) is excluded from the system
of equations here to focus more on the implications of the financially constrained households, but it plays a
nontrivial role in the analysis of optimal monetary policy. For later use, note that dy—ty,; = —0{z1 (w—a;—
aiy) + zo(we—qr—a;—azy)}
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Section 2.5.3, and identify a novel trade-off between output gaps and labor supply gaps in
Section 2.5.4, which further leads to shifts in target output gaps in Section 4.2.1.

The second set of equations are from the firm side, the sectoral Phillips curves:

T4 = BE T 141) + KWy (2.25)
Mot = BE T 41] + Ko (@t — Zlvt) (2.26)

= (1—;8) (1)

J
inflation is the weighted sum of the current and the expected future real marginal costs.

where k; . In the presence of nominal friction in each sector (a; #0), sectoral
In the absence of nominal friction, a; =0, the real marginal cost is constant and the sec-
toral Phillips curve in the corresponding sector would degenerate, with inflation causing no
inefficiency as standard.

Since the wage is applied economy-wide and measured in units of numeraire (good 1),
the real marginal cost in sector 1, w;—a;—aq,, equals the real wage gap of the constrained
households, and that in sector 2, w, —q, —a; —as,, equals the real wage gap of the uncon-
strained households. Thus both real marginal cost terms can be expressed in terms of output
gaps using the equilibrium conditions from the demand side. Each sectoral output gap and

adjustment terms have asymmetric effects on sectoral inflation as we discuss in Section 2.5.5.

s o l—0o g

wy = 1+(py1,t+221+(p h
B — g = 2,0y (04 Q) s — 212 170 &
t — Gt Z2¢1+¢y1,t P)Y2.t 11+%0 pn q;

Lastly, the (economy-wide) labor market clearing condition is given by
1Y+ Z2Yar = 21Ny + 2onue (2.27)
Eq.(2.27) shows that the weighted sum of output gaps equals that of labor supply gaps.

2.5.3 Impossibility of achieving efficiency

Heterogeneous consumption baskets make market outcomes impossible to achieve the
efficient allocation under asymmetric disturbances. For clarity, we check this in a flexible-
price variant of the model in which the wage and the relative price trace the efficient levels.
N stands for natural or flexible-price economy.”’

Recall that idiosyncratic real wage risk is perfectly shared through bond market in the

21'We provide the full system of equations of flexible-price allocation in the Appendix Section B.
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frictionless economy as seen in Section 2.5.1: a positive shock on sector-specific productivity
ay ¢+ affects the real wages differently: it raises the real wage of type C, wgt =wF =astay,, but
has no effect on that of type U, wfj, =w/ —¢ =a;+as;. To insure against the idiosyncratic
real wage risk and equalize marginal disutility of labor, type C' households borrow with their

consumption increasing, and type U households save with their consumption decreasing.

Table 1: The effects of a;; shock with and without risk-sharing

Tt Wey | Wug | Mo | Yie | Nue | Y2, Risk-sharing
N 0 — 0 — — No

zf ) — 0 1 0 1 Perfect
77U N e RS TN IR It No

Now we introduce financial constraint — no risk-sharing between two types — into the
frictionless economy. Then, with binding borrowing and savings constraints, a positive shock
on a;; only affects type C' household with their consumption and labor supply increasing,
while type U households are unaffected. Due to imperfect risk-sharing, households cannot
equalize marginal disutility of labor. This results in failure to achieve efficient distribution
of labor hours across households, and hence in failure to achieve the first-best outcome even
in the absence of nominal frictions.

The following proposition summarizes the above analysis.

Proposition 1 (Impossibility of achieving efficiency). Under heterogeneous consumption
baskets and financial constraints that prevent perfect sharing of idiosyncratic real wage risk,
market outcomes cannot obtain the first-best outcome unless o =1, even in the absence of

nominal frictions.”
Proof. Please refer to the Appendix Section A. n

The impossibility is attributable to both heterogeneous consumption basket and the
existence of HtM households together. On the one hand, if the consumption basket is homo-
geneous, both types of households face the same CPI and real wage; even under asymmetric
disturbances, they make the same decisions with no idiosyncratic real wage risk. Thus, with
the flexible prices, financial constraints are not binding anymore in achieving efficiency, and
market outcomes can support the first-best outcome. On the other hand, if there is no bor-

rowing and savings constraint, households can trade bonds to share risk. The bond holdings

22Tf ¢ = 1, labor supply schedule degenerates to a constant term because the income effect and the
substitution effect exactly cancel out. Thus labor hour is always the same, making borrowing and savings
constraint not binding in the absence of nominal rigidity.
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terms fix the constrained households’ budget constraint so market outcomes can support the
efficient allocations.””

An immediate result of the impossibility of achieving efficiency is the adjustment term
that shows up in fitting the efficient allocation into the constrained households’ budget
constraint, which cannot support the first-best outcome. We need to add an adjustment
term as in Eq.(2.29) to take into account the amount of bond type C' households would sell
if they were under perfect risk-sharing. By definition, Eq.(2.24) is derived by subtracting
Eq.(2.29) from Eq.(2.28):

W +ne, = Yt (2.28)

1—0
Wi +ne, = Yiy — Tzznt (2.29)
1—0o o
22qf (2.24)

Wy +ne, = Y1+

An intuitive interpretation is that: under perfect risk-sharing, households would borrow
to equate marginal disutility of labor achieving efficiency (Eq.(2.29)). Due to the financial
constraints, however, they cannot borrow anymore (Eq.(2.28)), and cannot consume goods
or leisure as much by the amount 1=%z,¢f, failing to achieve efficiency (Eq.(2.21)). Thus
under market outcomes in the absence of risk-sharing, consumption is smaller than wage

income by 1= Zth than under perfect risk-sharing.

2.5.4 A Trade-off between Output Gaps and Labor Supply gaps

In this section, we discuss the distribution of labor demand — how labor hours from each
household are determined in equilibrium — and identify a novel trade-off between output
gaps and labor supply gaps that is generated by the impossibility.

Assuming no transfers to them, the constrained households’ decisions on labor hours and
consumption are affected only by their wage, because they are hand-to-mouth depending
entlrely on thelr labor income: glven wage, their consumption and labor are optimally chosen
by Cey =W, % and N¢, =W, e . Defining LE(X) as labor-equivalent of variable X to denote

the amount of (market) labor to produce X under technology constraint, we have

e 0 if W,>AA
E(Cey)—LE(Ngy) = ACot ( W _1){ > if W, > A Ar

—ANgy = AW,
AAry “r ArAgy <0 it Wy<AA,.

23If we remove borrowing and savings constraint, we can derive type C' households’ budget constraint as
Wi +nc =y1,t+)\bc,t+%bc,t717 where bc ¢ is defined as bo ;= %. Since bc 1—1 is predetermined, bc ¢ would
trace its corresponding efficient level to support the first-best outcome.
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This implies that their labor hours are smaller (larger) than the labor-equivalent of their
consumption when their real wage gap is positive (negative), with the rest of the labor
demand is, in effect, filled by the unconstrained households’ labor hours through the labor
market clearing condition. For instance, if an expansionary monetary policy shock raises real
wages through sticky prices, hand-to-mouth households consume more labor-equivalent than
their labor supply, and type U households backs this up implying that the latter consume
less labor-equivalent than their labor supply in equilibrium. This is reconciled with the
countercyclicality of non-labor income for the unconstrained, which is the difference in the
income sources between households abstracting from heterogeneous CPIs. As standard in
New Keynesian models, markups and dividend are countercyclical in response to demand
shocks. Due to this negative income effect of non-labor income, type U decides to work more
hours.”* In this way, labor demand is redistributed from type C to type U by the amount

%yu.% The relations between labor gaps and output gaps are summarized by:

- l—0o_ —o 1 )

— — 2.30
noy 1+g0y1’t + - 1+¢Z2qt ( )
~ ~ z210+p -0 1 B

_ _ e 2.31
Nyt = Y2 + 1t Y1t - 1_|_9021qt ( )

Note the adjustment terms: since the budget constraint of HtM households which cannot
support the first-best outcome is crucial in deriving them, the relations cannot support
efficiency either; hence the adjustment terms should be added to the relations to reflect the
lack of risk-sharing.”"

Imperfect sharing in real wage risk and the impossibility lead to a novel trade-off between
output gaps and labor supply gaps under asymmetric disturbances that generates distribu-
tional inefficiency from idiosyncratic real wage risk: we cannot close output gaps and labor
supply gaps simultaneously, ¥1 ; =¥2:=nc=ny;=0. Even though we can close both output

gaps, labor gaps cannot be closed due to the lack of risk-sharing, and vice versa. What is

24The representative agent in the basic New-Keynesian model is in the same situation, but it receives
negative dividend that induces negative income effect. Thus the labor-equivalent of consumption and labor
supply are equalized as % = ALZ =N;.

25This has a nontrivial implication for dynamics of sectoral inflation which is discussed in Section 2.5.5.

1o

26By definition, Eq.(2.30) is derived as the gap between two equations: { th B gy}; 1o 1 . B

Ct = TVt — 5 T2l -
Recalling that ng’t(ﬂ) > ngt(T), and y{Yt(T) < yft(ﬂ) under a positive shock on a;;, we can find an
adjustment term that captures type C households’ borrowing under perfect risk-sharing for this labor supply—
output relation to support the efficient outcome. Eq.(2.31) is analogous to this. Note that the adjustment
terms are in the opposite directions to each other and of the size by the lack of risk-sharing, so that the
population-weighted sum of adjustment terms in each relation is zero.
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more, we cannot even close both output gaps simultaneously, regardless of nominal frictions.

Proposition 2 (Trade-off between output gaps and labor supply gaps). In a model with
heterogeneous consumption baskets and borrowing and savings constraints under asymmetric
disturbances,

1) It is impossible to close all the sectoral output gaps and labor supply gaps simultaneously.

2) It is impossible to close both sectoral output gaps simultaneously.
Proof. Please refer to the Appendix Section A. n

The trade-off gives monetary policy a new role to deal with the distributional inefficiency
in addition to traditional objectives. We will discuss more in detail in Section 4.2.1, where

we find that the trade-off leads the central bank to target non-zero output gaps.

2.5.5 Asymmetric redistribution of inflationary pressure across sectors

The effects of sectoral output gaps and adjustment terms on dynamics of sectoral infla-
tion are asymmetric as shown in the Phillips curves rewritten in terms of sectoral output
gaps:*" (1) inflation in sector 1 is affected only by output gap 1, while (2) inflation in sector
2 is affected by both output gaps; (3) a relative productivity shock ¢F has the opposite
consequences in each sector. (1) and (2) imply the redistribution of inflationary pressure
across sectors as the labor demand is redistributed across households, and (3) is due to the

lack of risk-sharing. We discuss more in detail in the Appendix Section B.4.

o+ o l—0 g
= BE -
Tt = BE T 441 + K1 ( 1+<,0y1’t + 221+90 p 4y

Z1 0+
- BE =
Ty = BEy[To 1] + Ko (22¢1+¢

Y+ (0+90)Yar — 21 11901?70%53)

Note the inefficient distribution of inflation, which is represented by the adjustment terms
in the Phillips curves: they are similar to cost-push shocks in that they add stochasticity
to inflation dynamics even under zero output gaps, but different in that the former always
disappears as we aggregate sectoral inflation with the economic size of each sector. Suppose
a positive shock on sector-specific productivity a;,. Due to financial constraints, type C
households work more, and type U households work less than under efficient allocation. Since
marginal disutility of labor supply gap is higher (lower) for type C' (type U) households, their

real wage gap that equals to real marginal cost, w; (w; —¢q;), and inflation in the sector of

2"In case of HomCB, sectoral output gap has symmetric effects on both sectoral inflations aside from
asymmetric price stickiness, as shown in Section 2.6.2
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goods they consume more intensively, m;,; (m2;), are higher (lower) in equilibrium due to
the lack of risk-sharing, implying that inefficient distribution of labor supply translates to
inefficient distribution of inflationary pressure across sectors. As a result, inflation dynamics
in both sectors are amplified if o <1, or subdued otherwise, considering that the shock leads
to a negative output gap in sector 1 and a positive output gap in sector 2 due to nominal

rigidities.”

2.6 Equilibrium under HomCB

Now we characterize the equilibrium under completely homogeneous consumption bas-
kets (HomCB, wy = we = %) The main purpose of studying the case of HomCB is

to better understand the implications of heterogeneous consumption baskets by comparing
HetCB and HomCB. We first establish the efficient allocation, and then characterize the
model equilibrium in percentage deviation from the efficient allocation.”” Unlike HetCB,
households face the same CPI and real wages, so there is no distributional inefficiency from

idiosyncratic real wage risk with no trade-off between distributional variables.

2.6.1 Efficient Allocation

We derive the economy’s efficient allocation by solving a social planner’s problem that
maximizes the weighted sum of utility of both types of households, subject to the resource

and technology constraints

Cl—a N1+<.0 Cl—a NI-HD
max {wU(l—)\) [ vz _ _ Ut 1 + wo)\[ cr G ] }
{Ch,tsNh,Y5,t (i)} 1—0 1+ ) 1—0 1+ )

1 71
s.t. (1-XN)Cuat+ANCcat = ( (_> >
T, \?

6—1
(1—)\)CU’2715 + )\CC’th = ( < > ) 9 dZ)
Y Yo, ¢(7)

1—M Ny, + AN, :/ d / =2 di
(L= Noe+ANew = | 5 W

where {w),} denotes Pareto weights, and Cj,; are defined as Eq.(2.1) and Eq.(2.2). As we did

for the case of hetCB in Section 2.5.1, we assume a utilitarian social planner (wy =w¢).

Since both types of households are identical with the same preference consuming homo-

28Please refer to the Appendix Section 13.4 for more detail.
29We set the parameters z; and 2o (=1—21) as w and 1—w to measure the economic size of each sector.
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geneous consumption baskets, both consumption and labor hours are equalized across all the

households in the first-best allocation, as if there is a representative household:*’

1+ 14+ 1+
E E_ E E
=C =Cr; =Cs = a; + z1a1¢ + 290
Yy t Ct Ut P t P 1Q1¢ ot 202 ¢
1+ 1+ 1+
yft = CiE,t = Cg,l,t = C(E],l,t = U—I—Zzat + (O’—FZZI + 2277> ar + (U+§Z2 - 2277) Azt
1+ 1+ 14
y2E,t = Cg,t = Cg,z,t = 65,2,1& = (H-:Zat + (O_+ZZI - 2177) a1y + (U—I—ZZZQ + 2’177) Az
1-0 l1-0 l1-0
”tE = ”g,t = ng,t = J—l—goat + O+¢Z1a1,t + 0+<pz2a2’t

Note that sectoral outputs in the first-best outcomes are different between HomCB and
HetCB, depending on the relative size of the elasticity of substitution between sectors,
7, and the elasticity of intertemporal substitution, % Suppose a positive shock on sector-
specific productivity a;;: output in sector 1 would directly increase in both cases, but under
HomCB, the increase is larger as households substitute goods from the higher-productivity
sector for goods from the lower-productivity sector; however, the intertemporal substitution
effect on good 1 would be weaker under HomCB, because the positive income effect of
the shock is distributed to both sectors. If we assume that the elasticity of substitution
between sectors dominates the elasticity of intertemporal substitution, 1 > %, the former
effect outweighs the latter, so output in sector 1 would be larger while output in sector 2
would be smaller under HomCB than under HetCB.

0 [ HomCB _ | B HetCB | _ 77_1 . 0 yFsHomCB _ PHetCB | _ n_l .
aau 1,t 1,t o 25 aau 1,t 1,t o 2

)

0 yFHomCB _ PHetCB| _ n_l . 0 yPsHomCB _ | B HetCB | _ n_l .
day s |7 2t o)V da 2t 2t 1

2.t o

2.6.2 Approximate Allocation

We approximate the decentralized model by log-linearizing the equilibrium conditions
around the deterministic efficient zero-inflation steady state. We focus on the different
features of HomCB from HetCB."*!

30We provide more details including the log-linearized system of equations in the Appendix Section C.
31We provide the full system of equations and some derivations in the Appendix Section C.
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The first set of equations are from the household side:

G~ Eulera] = = (i — (@Bilmen]+(1-0) Blmsn]) - 7F) (2.32)
ony +ocyy = w — (1—w)gq (2.33)

pnce + oYy = W — (1-w)g (2.34)

@ — (1-w)G + Tios = oy (2.35)

where the real interest rate in the efficient allocation is r/° = o (E¢[cf;, 1] —c(r,)-

Homogeneous consumption baskets make non-trivial differences: first, both households
face the same real wage, we =wp s =w;— (1 —w)g; even under asymmetric disturbances.””
Households do not have idiosyncratic real wage risk to insure against anymore, making bor-
rowing and savings constraint not binding in achieving the first-best outcome in the absence
of nominal rigidity. Hence market outcomes can support the efficient allocation, creating no
adjustment term in Eq.(2.35), the budget constraint of HtM households, and no trade-off
shown in Section 2.5.4.** And there is no distributional inefficiency from idiosyncratic real
wage risk. We define the aggregate output gap as ¢ = wyi1+ (1 —w)ys,. Then the distri-
butional variables are perfectly correlated (in log) with the aggregate output gap, implying
that the inefficient variations of distributional variables are rather at an aggregate level under
HomCB.

~ -~ 1-A1+p) . -~ 1-X1—-0) -
Cor=(1+9)ur; CU,t:#yt; o= (1=0)y; nU,t:—l(_)\ )5

The second set of equations are from the firm side:

Tt = BEm1441] + (1—@15)(1—%)@
(1—0425)(1_042) (~

) Wy — @t)

Moy = BE [T 141] +

where the real marginal cost terms in the sectoral Phillips curves are different from those

32We can simplify the expression for real wage by defining wage to be expressed in units of the final good,
Wy =w;—(1—w)qe. But for consistency with the HetCB case, we maintain the previous definition.

33Unlike the HetCB case, the flexible-price allocation under HomCB achieve efficiency closing both
output gaps and labor supply gaps simultaneously despite constraints on risk-sharing.
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under HetCB and given by

w = (o+ @)y + (1-w)g
Wi—q = (0+ @)y — wir
The dynamics of sectoral inflation are affected by the current and expected future aggregate
output gap and the relative price gap. Hence unlike the HetCB case, each sectoral output
gap has symmetric effects on both sectoral inflations aside from asymmetric price stickiness.**

Lastly, the economy-wide labor market clearing condition is given by

w:’Jl’t + (1—(,0)@/2115 = )\ﬁc,t + (1—/\),an¢

3 Model dynamics

This section studies monetary policy transmission mechanism and the redistributive ef-
fects that operates through sectoral inflation and relative prices under heterogeneity. Then

we examine the features that induce asymmetric responsiveness across households.

3.1 Monetary Policy Transmission Mechanism

Table 2 shows the baseline parameter values assumed in the numerical analysis.”” We
assume o =0.67, because it is more intuitive that labor supply schedule on wage is upward
sloping, and it is shown by some studies that the income effect on labor supply is not big
enough to dominate the substitution effect. However, the main results of this paper do not
depend on the assumptions on o. The mass of HtM households is 40% to be consistent with
empirical evidence (A =2, =0.4).”° The inverse of the Frisch elasticity of labor supply is

assumed to be unity as standard in the literature.”’

34We define the aggregate inflation as 7, =wmy 1+ (1—w)ma,. If the price stickiness in both sectors are the
same, a1 =g, the aggregate Phillips curve that explains the dynamics of the aggregate inflation can easily
be established as a weighted sum of sectoral Phillips curves.

35We conduct robustness check for a variety of combinations of parameterizations.

36To facilitate the comparison of our numerical results under HetCB and HomCB to those of Benigno
(2004), we assume A=z; =0.5 in the numerical analysis of optimal monetary policy.

37A large share of financially constrained households can lead to “Inverted Aggregate Demand Logic”
as shown by Bilbiie (2008) by which an increase in real interest rate is rather expansionary. In this case,
we need inverted Taylor principle for determinacy: only passive policy is consistent with a unique rational
expectations equilibrium. The IADL occur when the share of non-asset holders is high enough (high A)
and/or the Frisch elasticity of labor supply is low enough (high ¢). But we do not face this under baseline
specification.
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Table 2: Baseline parameter values in the numerical analysis

B 09| X 04| AD 4 | po 09| oo 001] ¢., 075
© 1 |1-=x 06 | RD 05 | p, 09 | oo, 001]| ¢r, 075
0
g

6 | z 04| ar 065| po, 09| 0, 001] ¢ 0
067 | 2z 06 | an 082] p, 00| o, 001] ¢5 0

We introduce the concepts of average duration — AD = (1—a;) * (1—a3)~*2 — and relative
duration — RD = (1—ay)(1—a;)~! — as in Benigno (2004), where the duration of price contract
in each sector is (1—;)~*.”" For the study of transmission mechanism, we follow the empirical
evidence (Vieyra, 2018; Cravino et al., 2020; Argente and Lee, 2020; Clayton et al., 2019)
that the prices in luxury good sector adjust more frequently than those in necessity good
sector, and assume AD=4 and RD=0.5, or a; =0.65 and a,=0.82, which implies average
duration of both sectors is 4 quarters while duration in sector 2 is double that in sector 1.
We do not confine this study to this parameterization, but consider a variety of combinations
of Calvo parameters, oy and ap, in the normative analysis. Monetary policy is characterized
by a simple Taylor rule responding only to sectoral inflation (¢, =¢,, =0.75).

Now we examine the monetary policy transmission mechanism of an expansionary shock.
In the model, type U households have Fuler equation and respond to changes in interest
rates, while type C' households do not. Thus monetary policy shock is injected in sector 2
whose goods are consumed intensively by type U, then propagated to sector 1 through the
labor market: an interest rate cut is followed by an increase in demand for good 2, leading
to higher labor demand and wage; a higher marginal cost induces inflation, but the price in
sector 1 rises faster than those in sector 2, because the price in sector 1 is stickier, leading to a
decrease in relative price.” Consequently, the real wage of type U, w,—¢q, is higher than that
of type C, wy, having different effects on consumption and labor supply across households.
This is the redistributive channel of monetary policy that operates through heterogeneous
real wages.

Consumption of type C increases more than that of type U in equilibrium, despite a
higher real wage of type U. This is due to the counter-cyclicality of dividend under demand
shocks and to the assumption on fiscal policy that finances subsidy on employment cost by

lump-sum tax on type U." As the real wage increases, type C raises their labor hours but

38From the definitions, we derive that a1 =1—AD 'RD~** and ap=1—AD " 'RD*

39Real marginal cost is higher in sector 2 considering that real wage is higher for type U, although inflation
is higher in sector 1. This is explained by the asymmetry in nominal rigidity.

40The sum of dividend and lump-sum transfer (net of tax) terms in type U households’ budget constraint
are linearized as z%g (di—ty)= —%{zl (wi—ar—a1)+zo(we—qr—ar—asz )}
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Figure 3.1: Transmission Mechanism of an Expansionary Monetary Policy Shock
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not enough to cover all their consumption. The rest is backed up by type U in equilibrium

who are under negative income effects of dividend. Above illustration is shown in Figure 3.1.

3.2 Redistributive Effects of Monetary Policy

Heterogeneity creates nontrivial redistributive channels of monetary policy, which operate
through relative prices and sectoral inflation. Monetary policy can have different effects on
the real wages across households through relative prices, affecting their consumption and
labor hours differently. In addition, although it cannot stabilize sectoral inflation in both
sectors simultaneously under asymmetric disturbances, monetary policy can choose which

one to stabilize more than the other, which affects the variations of consumption-relevant
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inflation rates and real wages differently. This has important distributional implications
for the welfare of households: The more stable a households’ consumption-relevant inflation
rates, the more stable its real wages, the lower volatility of its consumption and labor hours,

with its welfare increasing. This is the Real Wage Stabilization Channel.*'

Moreover, as
inflation in its consumption sector stabilizes more, a household benefits more by lower price
dispersion and smaller output loss. This is the Consumption Support Channel, that operates
in second-order. Under homogeneous baskets, however, those channels do not work, because
relative prices and sectoral inflation have only symmetric effects on households through the
same real wages;'” relative price affects the distribution of demands across sectors, but has no
distributional consequences across households, because they consume the same composition
of baskets.

Heterogeneity also confronts monetary policy with a nontrivial distributional issue on
balancing welfare-relevant output gaps. Relative productivity shocks directly affect relative
price, but it shows a sluggish adjustment due to nominal rigidity, leading to a negative output
gap in the sector with higher productivity and a positive output gap in the sector with lower
productivity. Which output gap to close more does not have distributional implications
across households under HomCB, because its effects are symmetric, but does have under
HetCB. Monetary policy faces a trade-off regarding whom to care about more: A more
expansionary policy would benefit households who consume goods from the sector with
higher productivity intensively by reducing the variation of its output gap, while having the
opposite effects on households who consume goods from the sector with lower productivity
intensively by raising variation of its output gap.

In a similar context, heterogeneity causes monetary policy to balance different efficient
rates of interest across households. Suppose a positive shock on the sector-specific produc-
tivity a;;. Under HomCB, the efficient levels of consumption for both types increase with
the efficient rate of real interest (rf = —oEy[cf —cf.,]) decreasing; nominal rigidity would
lead to a negative aggregate output gap. Although HtM households’ Euler equation does
not work, the central bank would largely trace the unique efficient rate and implement ex-
pansionary policy to benefit both types. Under HetCB, however, the efficient rates of real
interest diverge: It decreases for type C' (r¢&, = —oEi[cg, —cf,,]) but increases for type
U (rf, = —0Ecf;,—c{441]). The population-weighted average of the efficient rates of real
interest coincides with that under homogeneous baskets, but since HtM households’ Euler

equation does not work, monetary policy needs another real interest rate to target. This

41'We show this in Section 5.

42Monetary policy still has a distributional effect under HomCB through dividend, that is inversely
correlated with price dispersion in second-order. Monetary policy can benefit the unconstrained (constrained)
households more by assigning more weight to overall inflation stabilization (output stabilization).
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would have distributional consequences for welfare-relevant output gaps; the central bank’s
objective function will characterize the policy.

Monetary policy has direct effects through intertemporal substitution and indirect effects
through labor demand and real wages in general equilibrium. The unconstrained households
have the Euler equation (Eq.(2.21), Eq.(2.32)) and respond to changes in interest rates, while
HtM households do not. Thus monetary policy affects the former through both direct and
indirect channels, but the latter is affected only by indirect effects, with the policy having
disproportionate effects on the unconstrained households.

Moreover, monetary policy can have an indirect distributional effect through dividend
that is inversely correlated with price dispersion, which transforms into inflation terms in

the welfare loss function.

3.3 Asymmetric Responsiveness across Households

In the model, HtM households show larger responsiveness to shocks, as is standard in
TANK models. This is attributable to the imperfect sharing of idiosyncratic non-labor
income risk and idiosyncratic real wage risk, which leads the marginal utility of consumption
and marginal disutility of labor to diverge inefficiently across households. Three main factors
determine asymmetric responsiveness of consumption across households: differences in (1)

wage elasticities of consumption, (2) real wages, and (3) responses to interest rate changes.

3.3.1 Wage Elasticity of Consumption

To understand the responses of consumption to changes in wages, we use a simple example
of a household that makes a static decision on consumption and labor supply given the wage

with utility function and budget constraint below:
Cl—o‘ Nl—i—go
-0 I+
st. WN+M=C

max U(C,N) =

where M indicates sources of income other than wage income. From this analysis, we find
that the responsiveness or the wage elasticity of consumption of a household depends non-

trivially on the dynamics of other sources of income M,

M vy emwM
oo 0CW  1+e(+4rr) | Tte(l+yy)
WZoWC T~ otp(1+:5) — o+p(l+L)
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Let us consider the cases of both types of households in the model. Since HtM households

where e w is the wage elasticity of non-labor income.
depend entirely on wage income (M =0, ey w = 0), their wage elasticity of consumption
would be i_TJr‘: However, the unconstrained households have other sources of income, dividend,
which is countercyclical (M >0, ey w < 0) in response to demand shocks, as in standard
New Keynesian models.” Thus their wage elasticity of consumption is smaller than that of
HtM (ecwitype ¢ = ii:g > £0wiype U), With the marginal utility of consumption diverging.**
This is the distributional inefficiency from idiosyncratic non-labor income risk that arises
from the financial constraints.

We derive similar results for the wage elasticity of labor hours. Refer to Section B.5 for

more detail.

3.3.2 Real Wage

Due to heterogeneity in consumption baskets, households face different price indicess
and real wages. Thus shocks that affect sectoral inflation differently alter relative prices
and have differential effects on households’ real wages and their variations, and thereby
on their marginal utilities of consumption and marginal disutilities of labor. It is through
this mechanism that monetary policy can have redistributive effects; it can respond to and
influence sectoral inflation differently affecting relative prices. Thus the policy can redis-
tribute marginal utilities between households to maximize social welfare, as we discuss in

the following sections.

3.3.3 Responses to Interest Rate Changes

Unlike type U, HtM households are insensitive to changes in interest rates. Thus mone-

tary policy has a stronger effect on the unconstrained households through the direct channels.

43As is standard in New Keynesian models, markup and dividends are countercyclical, leading to a sta-
bilized consumption and labor hours for the unconstrained households. Cyclicality of markups is still con-
troversial, but a recent study such as Hong (2019) shows that markups are countercyclical with an average
elasticity of -1.1 with respect to real GDP. In reality, the richer or unconstrained households would be able to
smooth their consumption making use of financial instruments, while the poorer or HtM households cannot.
In the TANK model, there is effectively no instrument for savings. So we can consider countercyclicality
of markups as an important model feature that generates a smoother consumption for the richer or uncon-
strained households than the poorer or HtM households, even in a simple model with no features such as
assets and wage rigidities.

44Fiscal rules are important because they affect the dynamics and cyclicality of macroeconomic variables;
if we introduce transfers (or tax), they also play nontrivial roles along with other sources of income in the
determination of the responsiveness of consumption. We conduct various robustness check for the main
results in Section 5.
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4 Optimal Monetary Policy

We study optimal monetary policy under commitment by using a linear-quadratic ap-
proach following Woodford (2003). First, we take a second-order approximation to the
equally-weighted sum of present valued utilities of both types of households around the de-
terministic efficient zero-inflation steady state, to derive a quadratic welfare-theoretic loss
function of the utilitarian central bank. Then, we analyze optimal monetary policy by solving
a Ramsey problem of the central bank that minimizes the welfare loss under the constraints
that consist of first-order approximations to the equilibrium conditions.

We draw implications of the existence of HtM households and heterogeneous consumption
baskets separately. Under HomCB, the distributional inefficiencies from idiosyncratic non-
labor income risk are rather at the aggregate level, creating no additional trade-off. We
find that financial constraint itself makes little difference to the results provided by Benigno
(2004). Under HetCB, however, optimal policy changes significantly from Benigno (2004).
The distributional inefficiencies are non-trivial from both idiosyncratic real wage risk and
idiosyncratic non-labor income risk. Since monetary policy has redistributive effects, it

should deal with the distributional inefficiencies at the cost of some price instability.

4.1 OMP under HomCB
4.1.1 Welfare-theoretic Loss Function

The welfare-theoretic loss function of the utilitarian central bank is derived as follows:

Proposition 3. Under homogeneous consumption baskets, a second-order approximation to

the equally-weighted present valued sum of both types of households’ utilities is given by

Ey» B {)\{U(th)—V(NC,t)} + (1=MN{U(Cuy) =V (Nus) }

UY & ,
= 2B AL+ tip + o E]F)
t=0

where t.i.p. denotes “the terms independent of monetary policy” and o(||¢||?) includes all
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5

the terms of third order or above. The loss function is defined as’

L, = Cbmﬂit + q)ﬂ'zﬂ-g,t + q)y@? + qu&;z

7 0 1-\1—-0¢p)
o, = wli_1; o, = (1—w)’£—2; ¢, = (a+g0)T; ¢, = nw(l—w)
Proof. Please refer to the Appendix Section A. O

Nominal rigidity is a source of inefficiencies: it causes price dispersion within each sector
that leads to output losses in second-order and transforms to sectoral inflation, m; and ma4;
it induces inefficient variations in demand for goods, shown by the aggregate output gap,
ys; also, it creates cross-sectoral distortion, (gl,t—gz,t)% affected by inefficient variations of
relative price, ¢;.

Financial constraints generate distributional inefficiencies from idiosyncratic non-labor
income risk and are reflected in the coefficient of the aggregate output gap, ®,. Since the
distributional variables are perfectly correlated with the aggregate output gap, distribu-
tional inefficiencies such as differences in consumption or labor hours between two types can
be explained by the aggregate output gap. Thus distributional inefficiency is rather at an
aggregate level, and the central bank’s problem of balancing welfare loss from sectoral infla-
tion, aggregate output gap and relative price gap is essentially unaffected.”” Note that ®,
is increasing in A: as the share of HtM households increases, output stabilization becomes
relatively more important than price stabilization. This is because the dividend is inversely

correlated with price dispersion in second-order:
. Py W / 1<P-t<z'>>‘9 }
Dy (2)di = Vi | =22 — —— R di
/ (9 Z 7 {Pu AiAjr Jz, 5\ P
Pj (1)

j=1,2
where d;;=log % fzj (—)79: %Varg{pj7t(i)} +o(||€[|?), which is associated with sectoral

Pt
inflation.”” As A increases, the share of households receiving dividend decreases, and the

central bank care relatively less about price dispersion, putting a relatively higher weight

45For a comparison to the loss function under HetCB, we can rewrite the loss function in terms of sectoral
output gaps:

HomCB ~ -
Lg omeR) — (I)mﬂ-it + Or, ”%,t + @y, @?,t + Py, Y1,tY2, + ben@g,t

P P 1
where ®,,, = ®,w? + Fg; ®,,, = 0, (1-w)? + n—g; Dy, = 2<¢y—n>w(1—w);

46We will see in Section 4.2.2 that distributional inefficiencies lead to a shift in target output gaps under
HetCB.
4TRefer to the proof of Proposition 3 provided in Appendix Section A for the derivation.
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on output gap stabilization. This finding is in line with Bilbiie (2008), which studies in
a single-sector framework with cost-push shocks. In our multi-sector model, we have the
policy trade-off even in the absence of the inefficient cost-push shock due to the asymmetric

disturbances.

4.1.2 Optimal Monetary Policy under Commitment

Now we investigate optimal monetary policy of the central bank under commitment
that chooses target variables and nominal interest rate to maximize the objective function
under equilibrium constraints.”® Under HomCB, the distributional inefficiencies from id-
iosyncratic non-labor income risk are at the aggregate level, in that inefficient variations
of distributional variables are perfectly correlated with aggregate output gap, creating no
additional trade-off. Thus, monetary policy focus on dealing with nominal distortions. We
find that financial constraint itself makes little difference to the results provided by Benigno
(2004) where the market is complete, only raising the relative importance of aggregate output
gap in the loss function. We briefly discuss them in the following propositions.

We study in three different cases of price stickiness: (i) flexible price in one sector and
sticky price in the other sector (o =0 or ap=0); (ii) sticky price in both sectors to the same

degree (0 <a;=aw); and (iii) sticky price in each sector but to different degrees (0 <a; <ap).

(i) Flexible Price in One Sector

Proposition 4. If the price of either one of the two sectors is fully flexible, it is optimal to
fully stabilize inflation of the sticky sector. Under the optimal monetary policy, the market

outcome can achieve efficiency.
Proof. Please refer to the Appendix Section A. n

In this case, the only distortion is from nominal rigidity in the sticky sector. Since
the central bank has one instrument and effectively one distortion, it can perfectly fix the
distortion achieving efficiency; inflation in the flexible sector is innocuous because there
is no price or output dispersion; the price in the sector with no nominal friction adjusts
flexibly so that relative price traces its efficient level; if inflation in the sticky sector is fully
stabilized, there would be no inefficiency from nominal friction. Since real marginal costs in
both sectors are closed to zero inducing no non-labor income source for type U households
with dividend and tax summing up to zero, financial constraints are not binding, and the
first-best is obtained.

48Studying optimal monetary policy is deriving one more condition, a “targeting rule”, to minimize the
welfare loss among all the possible candidate rules including simple Taylor rules that can close the model.
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(ii) Equal Degrees of Nominal Rigidity across Sectors

Proposition 5. If the prices of both sectors are sticky to the same degree, it is optimal to
fully stabilize the aggregate inflation weighted by sector size. However, the optimal monetary

policy cannot achieve efficiency.
Proof. Please refer to the Appendix Section A. O

In this case, the central bank deals with two distortions — nominal rigidity in each sector
— with one instrument. Moreover, monetary policy loses control over relative price which is
affected only by the exogenous asymmetric shocks, and it cannot fix the inefficiencies induced
by sluggish adjustment of relative price.”” Although distributional variables, ¢, and ny 4,
aggregate output and real wage, w; — (1 —w)q, are on their efficient paths, relative price,

wage, and sectoral output fail to achieve efficiency.

(iii) General Case

Proposition 6. If the prices of both sectors are sticky to different degrees, efficiency cannot

be obtained. A targeting rule is derived as follows:

L | we{fm+ SR ALY + AL {0m+ =52 ALY
Ra—h1 —BA(L ){QEt[WtH]‘i‘#A(L)Et[ytﬂ]}

1—)\(1—090)14([/)@

= (1-w)im —nw(l-w)A(L)g + (1-w) 1—X\

where A(L)=1—L. If the central bank commits to the class of “inflation targeting policy”,

it 1s optimal to give higher weight to the sector with higher degrees of nominal rigidity.

Proof. Please refer to the Appendix Section A for proof, and Section 5 for numerical results.

[]

With one instrument and two distortions to deal with, monetary policy fails to achieve
efficiency. Since the targeting rule that we derive is complicated to get an intuition from,
we draw implications from the perspective of “optimal inflation targeting policy”: what
is optimal weight 0 that minimize welfare loss among the class of policy rules that fully

stabilizes a weighted average inflation? Through numerical experiments in Section 5, we

4“Note that if oy = ay, the dynamics of relative price is derived only by sectoral Phillips curves and the
definition of relative price.
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find that optimal inflation targeting policy give higher weight to the sector whose price is
stickier, which is consistent with the findings of Benigno (2004).

{ yhom >z, if o > 0o

yhom < 21, if a1 <o

4.2 OMP under HetCB
4.2.1 Welfare-theoretic Loss Function

We find that the trade-off generated by the impossibility under HetCB leads the central

bank to target non-zero output gaps, as shown in the welfare-theoretic loss function.

Proposition 7. Under heterogeneous consumption baskets, a second-order approximation to

the equally-weighted present valued sum of both types of households’ utilities is given by

Ey» B {/\{U(Cat) —V(Neg)} + (A=X){U(Cuy) =V (Nuy) }

UY | & |
= ———Fo Y AL+ tip. +o(|[¢])
t=0

2

where t.i.p. denotes “the terms independent of monetary policy”, o(||£||?) includes all the

terms of third order or above, and the loss function is defined as’

210 20 ~2 ~2 ~9 ~9
L, = o T+ PN Tot T 210Y1 4 + 22005 + 210Ny + 220Ny
1 2

- Fm ﬂ-it—i_ Fﬂzﬂ-%,t + Fyn(gl,t_xit)z + Fyl2 (gl,t_xit)(glt - xg,t) + F2,!22 (g2,t_xz,t)2

, 1= ¢ (0-2m)n 5 , _1l-0 ¢ 2z 5
L1t = b Lo = 4y
o 0+p op+z9 o 0+pop+tz
0 0
I = ks ;o I'ny = el :
K1 K9
1-0\° 21 o+ 2 o+
r, = — — | — Iy, =2210——; Ty, =
Y11 21 |:0-+<1+90) 90+Z2 (1+90 Pl Y12 1P 1"‘907 Y22 22(U+(,0)
Proof. Please refer to the Appendix Section A. n

Nominal rigidity is a source of inefficiencies: it causes price dispersion within each sector

that leads to output losses in second-order and transforms to sectoral inflation, m; and 7o ;

50We express the loss function in terms of distributional variables, because HetCB creates new trade-offs
between distributional variables and cannot be explained by the aggregate variables.
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it induces inefficient variations of households’ real wages and hence of their demand for goods,
sectoral outputs and labor hours, shown by output gaps and labor hour gaps, yi ¢, Y.t Not
and ny,.”" Taking into account the distributional inefficiencies from idiosyncratic real wage
risk shown by the relations between labor supply gaps and output gaps (Eqgs.(2.30)-(2.31)),
we find that the output gaps that the central bank should target, =7, and z3,, move away
from zero following asymmetric disturbances. This is the consequences of the central bank’s
optimal balancing of marginal utility of consumption and marginal disutility of labor between
households under imperfect risk-sharing.””

Suppose a positive shock on sector-specific productivity a;; when o <1.”? If we suppose
the central bank can close output gaps, marginal disutility of labor of type C' is larger and
that of type U is smaller than efficient levels. Hence the central bank would try to lower
marginal disutility of type C' at the cost of their consumption (negative output gap 1), and
raise that of type U by boosting consumption of both types (positive output gaps in both
sectors). Thus, target output gap 2 should obviously be raised above zero, 3, > 0, but
the direction of target output gap 1 depends on the value of o that measures the extent
households care about consumption smoothing, the relative size of income effect in labor
supply, and the size of redistribution of labor demand.”

If o is small enough (0 < 2), the target output gap 1 is lowered below zero, z7, < 0.
On the one hand, households care less about consumption smoothing and their responses of
consumption to shocks are stronger; the shock affects labor hour gaps by a larger amount
generating larger inefficiency; the benefit from balancing also increases, because households
care relatively more about variations in labor hour gap. On the other hand, since the
redistribution of labor demand is smaller when the income effect is smaller, output gap 1 is
more effective in adjusting labor hour gap C' than labor hour gap U. Consequently, optimal
balancing is to lower target output gap 1. If o is not small enough (z3 <o <1), the opposite
holds, and output gap 1 should be targeted above zero. We summarize the direction of shifts
in target output gaps under an increase in relative productivity nt E a1t —ag,) in Table 3
with varying values of o.

The covariance term shows up in the loss function as a result of the redistribution of

51% does not appear in the loss function for two reasons. First, since it captures differences in real
wages, it is reflected in the distributional variables. Second, since we are assuming completely heterogeneous
consumption baskets with no substitution between sectoral goods, the cross-sectoral distortion, (71 :—72¢)?,
is not penalized, nor is correlated with inefficient variations of relative price, g;.

52Note that distributional inefficiency from idiosyncratic real wage risk is reflected in the target output
gap terms, while distributional inefficiency from idiosyncratic non-labor income risk is reflected in the weight
of output gap terms and the covariance term.

53If we set o> 1, both target output gaps unambiguously decreases below zero. If we set o =1, labor hours
degenerate to a constant, so labor hours are equalized always.

54Note that target output gap in sector 2 shifts by a larger amount than in sector 1 under o< 1.
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Table 3: Directions of shifts in target output gaps under an increase in ¢

o<z 0=2 Z<o<l1 oc=1 o>1
mit \L - T -
Ty, ) ) 0 — d

labor demand in equilibrium from type C' to type U households, whose labor hour gap is
positively correlated with both output gaps; the weight I'y,, = 2,21@%;—7 reflects the amount
of the redistribution, %yu. Redistribution is also shown in the weight of output gap 1,
Iy,=2 [0+(%)2¢+%(%)2¢]: the second and the third term indicate labor demanded by
sector 1 that is distributed to type C' and type U, respectively.

4.2.2 Optimal Monetary Policy under Commitment

Heterogeneous consumption baskets make significant differences to the results under
HomCB or provided by Benigno (2004) where the market is complete. This is because
distributional inefficiencies are non-trivial from both idiosyncratic real wage risk, and id-
iosyncratic non-labor income risk: the impossibility creates trade-offs at the distributional
level, leading the central bank to target non-zero output gaps in order to balance marginal
utilities and marginal disutilities between households; optimal policy benefits more HtM
households, whose wage elasticity of consumption is higher, to redistribute towards reducing
differences between households’ marginal utility. Since monetary policy has redistributive
channels in operation, it should deal with the distributional inefficiencies as well as nominal
rigidity, but at the cost of some price instability.

We study in four different cases of price stickiness: (i) flexible price in sector 1 and sticky
price in sector 2 (a; =0 < ap); (ii) flexible price in sector 2 and sticky price in sector 1
(g =0 < ay); (iii) sticky price in both sectors to the same degree (0 < a3 = as); and (iv)

sticky price in each sector but to different degrees (0<a; <ay).””

(i) Flexible Prices of Goods Consumed Intensively by the Constrained

Proposition 8. If the price of the goods consumed more intensively by the constrained
households is fully flexible, it is optimal to stabilize inflation of the sticky sector. Under the
optimal monetary policy, the market outcome fails to obtain efficiency, but achieves flexible-

price allocation.

Proof. Please refer to the Appendix Section A. n

5®Note that case (i) and (ii) are effectively the same under homogeneous consumption baskets.
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In this case, the central bank with one instrument should deal with two distortions —
nominal rigidity in sector 2 and distributional inefficiencies. Moreover, due to its flexible price
and the insensitivity of its consumers to interest rate, sector 1 is insulated from monetary
policy and monetary policy cannot deal with the distributional inefficiency. Thus, it is
optimal to eliminate distortion from nominal rigidity in sector 2, achieving flexible-price

allocation, which is generically not efficient due to imperfect risk-sharing.”®

(ii) Flexible Prices of Goods Consumed Intensively by the Unconstrained

Proposition 9. If the price of the goods consumed more intensively by the unconstrained
households s fully flexible, flexible price allocation is feasible by fully stabilizing inflation of
the sector with nominal friction, but sub-optimal. Under optimal policy, the deviations of
output gaps from their target levels are optimally distributed as functions of the current and

the past shocks:

—oMP -0 ¢ o0—2 g 1—0 ¢ op+o (AM—1)(1=Xs) Z)‘th

=z —2
YLt \2 o a—l—goago—l—ZQQt 0 otpopta )\1—

ok
=Ty ¢

l—0 o z -0 ¢ op (M—1)(1=-X\
BT =2 L gF 4o O
. 0 otpoptz o o+popt+z A—p

k=0

ek
=Ty ¢

Under optimal policy, a weighted average of the deviation of output gaps from the target level
18 fully stabilized, giving higher weight to the sector with flexible price:

@Zl(?jl,t_ﬁ,t) + <1+90)22<g2,t_x;,t) =0

Proof. Please refer to the Appendix Section A. n

We find a policy trade-off in which the central bank has an incentive to deal with the
distributional inefficiency from financial constraints at the cost of some price instability: it
tolerates inflation or deflation to some degrees. As in case (i), the central bank should deal
with two distortions — nominal rigidity in sector 1 and distributional inefficiencies — and can
perfectly eliminate nominal distortion by fully stabilizing inflation of the sticky sector. Unlike

that however, monetary policy can and should deal with the distributional inefficiency as

56Qther policy rules may be able to affect sector 2 and type U households, but they are sub-optimal
because any effects on them are at the cost of inflation as in the representative-agent New-Keynesian model.
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well as distortions from nominal rigidities.”” Note from the case (i) and (ii) that monetary
policy should deal with the distributional inefficiencies when it has redistributive effects.
Optimal policy balances between two distortions, although it fails to achieve efficiency.

In the following cases (iii) and (iv), optimal policy balances between three distortions —

nominal rigidity in each sector and distributional inefficiencies.

(iii) Equal Degrees of Nominal Rigidity across Sectors

Proposition 10. If the prices of both sectors are sticky to the same degree, it is no longer
optimal to stabilize the aggregate inflation weighted by sector size. A targeting rule is derived

as a function of the current and past variables under commitment:
o ~ . ~ x
21011 4 + 220794 + <zl+——) A(L) (Y1 —7 ;) + 22A(L) (Y2 —25,) =0

Proof. Please refer to the Appendix Section A. O

Note from the aggregate Phillips curve, m = SE;[m1]+K(0+¢) (21914 + 2292+ ), and the
targeting rule that full stabilization of the aggregate inflation is no longer optimal: optimal
plan is a mix of price stabilization and output stabilization. In this case, the central bank
loses control over relative price which is affected only by the exogenous asymmetric shocks.
Thus it cannot fix the inefficiencies induced by sluggish adjustment of relative price failing

to achieve efficiency.

(iv) General Case

Proposition 11. If the prices of both sectors are sticky to different degrees, a targeting rule

1s deriwed as a function of the current and past variables under commitment:

K 2 O _ . ~ .
2 {zlem,t N (zl+ii> A(L)(yl,t—xl,g+zQA<L><y2,t—x2,t>}

Ko— K1 29 14¢
b ALY m0m 200 it (214 2T ALY G2t ) + 22 A(L) s —as)
21071 ZoUTr ya _— — X ya — X
Fy— i1 1071, T 22072 ¢ 1 2 1+g Yt 1t 2 Yot 2.t
By z1 0P _ . _ .
- (L)Ey | 2107 01 +220m0 00+ | 21+ ——— JA(L) (Y00 — 7 1) + 22 A(L) (Y2,001 — 5 411)
k2 — k1 29 14 7 ;
z ~ . ~ «
= wfm o+ AL G ai) + 2AL) (=)

57Since monetary policy that is injected into the flexible sector propagates to the sticky sector through the
labor market, sector 1 and type C households are under the effects of monetary policy. Suppose an interest
rate cut that changes demand for goods and labor, leading to changes in wage. Real marginal cost gap in
sector 2 or real wage gap of type U households, w;—¢q; is closed due to flexible price, but adjustments of real
marginal cost in sector 1 or real wage of type C' households, w; are sluggish due to sticky prices in sector 1.
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where A(L)=1-L. If the central bank commits to the class of “inflation targeting policy”, het-
erogeneous consumption baskets give higher weight to the sector consumed by the constrained

households than the optimal weight implied by homogeneous consumption baskets.

Proof. Please refer to the Appendix Section A for proof, and Section 5 for numerical results.
O

To overcome the complexity of the targeting rules in case (iii) and (iv), we get intuition
from the “optimal inflation targeting policy”: heterogeneous consumption baskets put higher
weight to the sector of goods consumed intensively by the constrained households than
under homogeneous baskets, §"¢* > §"" regardless of how nominal rigidities are distributed

between sectors. We discuss further in Section 5.

5 Some Numerical Analysis

This section conducts numerical experiments on the consequences of neglecting hetero-
geneity and the implications of heterogeneity for the optimal inflation targeting policy. We

also rationalize the redistributive effects by welfare analysis and discuss the robustness.

5.1 Consequences of Neglecting Heterogeneity

What would the consequences be if the central bank neglects heterogeneous consumption
baskets? We posit a scenario in which the central bank minimize welfare loss under HomCB
instead of the true one under HetCB.

The experiment shows significant implications. Neglect of heterogeneity would lead to:
(1) understabilization of consumption-relevant inflation and real wages of the constrained
households and of the output gap in the sector of goods type C' consumes more intensively;
(2) overstabilization of inflation and real wages of the unconstrained households and of the
output gap in the sector of goods type U consumes more intensively.””

Let us discuss why under a positive shock on sector-specific productivity as ;.

e Distributional inefficiencies from idiosyncratic real wage risk are not considered, ne-
glecting shifts in target output gap above zero by the shock; monetary policy would

be less expansionary than optimal.

e Distributional inefficiencies from idiosyncratic non-labor income risk under HetCB

require stabilizing more the real wage of HtM households who are more responsive, to

58This result is qualitatively robust under plausible values of o.
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Figure 5.1:

Consequences of neglecting heterogeneity under a;; shock
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Figure 5.2: Consequences of neglecting heterogeneity under ay; shock
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reduce the difference in marginal utility of consumption between households

. Since the

real wage gap of the constrained decreases due to nominal rigidity, neglect would lead

to less expansionary policy than optimal.
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e The loss function under HomCB penalizes the relative price gap, ¢, for cross-sectoral
distortion, which doesn’t need to be cared for under heterogeneity because the substi-
tution between sectors is absent or weak. Since the shock leads to a decrease in g,
under plausible assumptions on nominal rigidities (RD < 1), the loss function under

HomCB would falsely require a contractionary policy to reduce the gap.

e The loss function under HomCB penalizes the covariance more strongly, because
the inter-sector connection is tighter than under HetCB.” Since the shock leads to
negative output gap in sector 1 and positive output gap in sector 2, a larger size of
the product, |71 Y2+, would reduce welfare loss more. Thus the central bank would let

1.+, which is more volatile, to deviate more by a contractionary policy than optimal.””

e A misperception may arise due to the difference between each efficient allocation,
8 [, EHomCB_ EHetCBY_ ( 1 8 [, EHomCB_ EHetCB)_ (1
s (Y1 i = 5) 2 g v voi | ==(n=7)2. Theloss

function under HomCB can misperceive with an upward bias on y; ; and a downward

bias on 5, leading to a less expansionary policy.

The results are compatible with those under optimal inflation targeting policy in Sec-
tion 5.2 that puts more weight on the sector of goods consumed more intensively by HtM

households, allowing more variation of inflation in the other sector.

5.2 Optimal Inflation Targeting Policy

We derive the implications of heterogeneous consumption baskets under the inflation
targeting policy by solving for the optimal weight 6* that minimizes welfare loss in the class

of policy rules that fully stabilize a weighted average inflation 7 = dm; + (1—68)mg,."!

5.2.1 Distributional Consequences and the Expected Welfare

First, we shed light on the distributional consequences of inflation targeting policy. Figure
5.3 shows how the expected welfare, defined as the sum of present-valued utilities, changes

with the weight, d, given to sector 1 on the horizontal axis. We find clear redistributive effects

59Under HetCB, two sectors are connected as long as labor demand from HtM households’ consumption
sector is distributed from them to the unconstrained households; the connection through consumption is
absent or weak.

607 ; is more volatile than Y2.¢, because HtM households, who consume goods from sector 1 more inten-
sively, are more responsive to shocks. Moreover, they do not respond to the interest rates and affected by
monetary policy only through the indirect channels.

61For the numerical study, we solve the model using a second-order approximation method to the policy
functions. For easier comparison with the literature, we set the sector sizes equal, z; = zo =0.5. We vary
them as needed for the robustness checks. The results do not change qualitatively and are robust.
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under HetCB in Figure 5.3a, whereby the expected welfare of each type of household, W¢
and Wy, is monotonically increasing in the weight the inflation targeting policy assigns to

AWeo AWy
N >0 and A(9) >0.

each type’s consumption sector:

0.05 , , , , 0.05
—Type U —Type U
—Type C —Type C

Weighted average Weighted average

or ol
-0.05 : : : : -0.05 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Weight on good 1 Weight on good 1
(a) HetCB (b) HomCB

Figure 5.3: Expected welfare and redistributive effects of an inflation targeting policy

The intuition is that the more consumption-relevant inflation is stabilized, the more
real wages stabilize, the more consumption and labor hours stabilize. Households dislike
volatility due to the concavity of utility from consumption and the convexity of disutility from
labor, as shown in the loss functions. This is the real wage stabilization channel. Moreover,
households benefit from the stabilization of inflation in the sector of goods they consume
more intensively, because output loss or consumption loss from price dispersion are also
reduced in second-order. This is the consumption support channel. Through these channels,
the expected welfare of a household increases as its price indices are more stabilized."” Thus
under HetCB, monetary policy can effectively redistribute welfare and marginal utilities
across households by changing the weight ¢, and deals with the distributional inefficiencies
as well as distortions from nominal rigidities.’”

Let us discuss the implication of a policy change that gives higher weight ¢ to sector 1.
In the welfare loss function below, the red terms are related with type C households, and

the blue terms are related with type U households. Note that a household’s consumption

62This result is robust to the general cases of heterogeneous consumption baskets in which households
consume some common share of goods. Please refer to Figure D.1 in the Appendix.

63We also find that the curvature of the welfare curves is affected by nominal rigidity in each sector. In
Figure 5.3a, the curvature of the welfare curve is larger for HtM households. This is because the sector of
goods they consume intensively has a lower degree of nominal rigidity and hence the benefit of reducing the
variation of their real wages and output loss by stabilizing their CPIs more gets smaller as § increases.
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and labor hours are functions of its real wages. As the price in sector 1 stabilizes more,
type C households’ consumption and labor hours stabilize more, and they experience less
consumption loss in second-order. Thus their expected welfare increases. However, as the
price in sector 2 is less stabilized, type U households’ expected welfare decreases. Table 4
summarizes this.

L{HeCB) _ 20 5, ozl

~2 ~2 ~2 ~2
= —K T+ _/<; oy T 210Y 1 + 2205 + 21PN + 22PN
1 2

Channel Type C Type U
Real Wage Stabilization Y, Moy Yot MUy
more stabilized less stabilized
Consumption Support T4 ot
~—~
less consumption loss more consumption loss
Expected Welfare i (X

Table 4: The distributional effect of higher ¢ on welfare

Under HomCB, however, we confirm that monetary policy has little redistributive effect,
because sectoral inflation, relative prices, and sectoral output gaps have only symmetric
effects on both types with distributional variables being correlated only with the aggregate
output gap. Thus the central bank cannot deal with the distributional inefficiencies, but only

addresses distortions from nominal rigidity. We discuss more in detail in the next subsection.

5.2.2 Optimal Weight

Table 5 compares optimal ) under HomCB and Het CB with 4-quarter average duration
and varying relative duration; for example, RD=0.5 is equivalent to (o, as)=(0.65, 0.82).
Note that we assumed symmetric sectoral size for both HomCB and HetCB, z; =2,=0.5.

Under HomCB, financial constraint itself induces no significantly different implications
from those of Benigno (2004), as the analytical results did: More weight is assigned to the
sector with higher nominal rigidity.” This result is in line with the previous finding that
under HomCB, distributional inefficiencies are at the aggregate level; with no redistributive
effects through sectoral inflation and relative prices, an inflation targeting policy deals only

with distortions from nominal rigidities.

64The values of optimal 6"°™ are very close to those of Benigno (2004).
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However, HetCB makes significant differences, and gives consistently higher weight to
the goods consumed more intensively by HtM households than under HomCB regardless of
relative degrees of nominal rigidities. This is because heterogeneity gives monetary policy a
new role to deal with distributional inefficiencies from imperfect sharing of idiosyncratic real
wage risk and idiosyncratic non-labor income risk. The policy redistributes in favor of HtM
households who has higher responsiveness of consumption. In order to benefit them more
through the redistributive channels, the central bank targets inflation rates that are weighted
toward the goods that are consumed more intensively by the constrained households and not
merely the goods with less flexible prices. We find that income inequality further strengthens

this result in the next Section 5.2.3.

Table 5: Optimal inflation targeting policy under HomCB and HetCB

AD RD= % shom shet shet _ ghom

4 quarters 2 0.77 0.82 +0.05
1.5 0.67 0.73 +0.06

1.2 0.58 0.65 +0.07

1 0.50 0.58 +0.08

0.83 0.42 0.50 +0.08

0.67 0.33 0.40 +0.07

0.5 0.23 0.30 +0.07

Given RD, the additional weight put on sector 1 by HetCB decreases as ¢ increases. A
smaller elasticity of intertemporal substitution and the larger income effect of labor supply
lead to a more stabilized variation of consumption for HtM households, and the policy has
less incentive to stabilize inflation in their consumption baskets. Table 6 shows the optimal

weight under RD <1 that is compatible with empirical findings.

Table 6: Optimal inflation targeting policy with varying o

AD=4 ghom || o™,  o=3 2 1 2 3

RD=1 0.50 061 058 055 051  0.49
0.83 | 0.42 053 050 048 044 043
0.67 | 0.33 043 040 039 036 035
0.50 | 0.23 032 030 029 027 026
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5.2.3 Policy under Inequality

We find that income inequality between households significantly strengthens the main
results. To introduce income inequality, we extend the model: (1) A nonlinear production
function, Y (1) = A;A; N, +(7)®, that induces an additional source of profits through a convex
cost function aside from monopolistic competition; and (2) fiscal rules that finance the share
5 of the subsidy by taxing HtM households: Tax only type U if §=0, tax both types equally
if 5=, and tax only type C' if s=1. As « decreases from unity and s increases from zero,
inequality would get wider.

To examine the implications of income inequality for the redistributive effect of monetary
policy and optimal inflation targeting policy, we vary « from unity to % In this case, a
moderate degree of income inequality is generated where the richer households income is
about 50% higher than the poorer households, where the size of sector 1 is 0.38. When the
sector size is controlled for under HomCB, optimal weight § is 0.15. With no redistributive
effects, the policy deals only with the distortions from nominal rigidities, giving much higher
weight to the goods with less flexible prices compared to the sector size. Under HetCB,
however, optimal weight 0 is 0.34, which is much higher than under HomCB. This is because

the policy deals with the distributional inefficiencies as well as the distortions from nominal

rigidities.
0.05 ‘ ‘ ‘ ‘ 0.05 ‘
— Type U — Type U
0.04 — 0.04
— Type C Type C
0.03 | Weighted average | 0.03 | Weighted average |
0.02 — 0.02 |
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-0.05 -0.05

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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(a) HetCB ("¢t = 0.34) (b) HomCB (5" = 0.15)

Figure 5.4: Redistributive effects of an inflation targeting policy under income inequality

@=3)

Comparing the Figure 5.4 to Figure 5.3, we find that wider income inequality strengthens

the result even more. The utilitarian central bank benefits more the households with higher
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marginal utility and higher responsiveness by stabilizing inflation in the sector of goods
consumed more intensively by the poorer or the constrained households. If the central bank
mistakenly sets it to be 0.15, the policy would benefit the richer households more than
optimal, at the cost of the poorer households’ welfare.

Now we conduct experiments on a few more specifications of income inequality. We
assume that (wy, we)=(0.1, 0.9) for heterogeneous baskets. Since sector sizes are different
(2;#0.5) due to inequality, we compare each case with its homogeneous-basket counterpart

(wy =we =z1) with the same sector size z;.

Table 7: Optimal inflation targeting policy under inequality

5=0 A 1

(a=1) =z 0.50 0.46 0.42
yhet 0.28 0.27 0.26

shom 0.23 0.20 0.18
(a=2) =z 0.41 0.38 0.35
yhet 0.31 0.29 0.28

yhom 0.17 0.15 0.14

A strong policy implication of income inequality is drawn in every case of 5: As we intro-
duce a nonlinear production function, the size of sector 1 (z1) decreases due to the inequality;
despite this, 6" increases, whereas §"°™ decreases, leading to even wider differences between
them. The intuition is that since the hand-to-mouth or the poorer households have higher
marginal utility with a higher volatility and are more responsive to real wages, the utilitarian
central bank cares disproportionately more about them and redistributes marginal utilities
in their favor to maximize the social welfare.

We also find that the dynamics and distribution of non-labor income, such as tax and
dividend, are nontrivial. Let us compare (o, §)=(1, 1) and (3, 0): Both have similar degrees
of inequality at the steady state, sector size, and hence §"™. However, 6" is smaller for the
former, although they are both higher than §"°™; this is attributable to the lump-sum tax on
HtM households, which can be regarded as countercyclical non-labor income for them that

stabilizes their consumption and labor hours to some degree.

5.2.4 Robustness

We conduct the robustness checks, and the results are robust to the following features:

the degrees of heterogeneity in consumption baskets; income inequality; the specifications
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of whom to tax to finance subsidies; whether monopolistic distortion is eliminated or not at
the steady state; and relative degrees of nominal rigidities across sectors. The results are

significantly strengthened as income inequality deepens.

6 Conclusion

We analyze optimal monetary policy in a model with households that differ along two
dimensions: They consume different baskets of consumption goods and have differential ac-
cess to financial markets. Households face idiosyncratic real wage risk and non-labor income
risk. Imperfect risk-sharing gives monetary policy a new role to address the distributional
inefficiencies at the cost of some price instability. Based on a micro-founded welfare cri-
terion, the first-best outcome is not achievable even in the absence of nominal rigidities:
Optimal monetary policy targets non-zero output gaps due to new trade-offs, and bene-
fits borrowing-constrained or poorer households more by targeting inflation rates that are
weighted toward the goods that are consumed more intensively by the constrained or poorer
households and not merely the goods with less flexible prices. This is because the utilitarian
central bank benefits more the households with higher marginal utility and higher respon-
siveness to changes in real wages. If the central bank neglect heterogeneous consumption
baskets, the policy would be more beneficial to the richer households than optimal at the
cost of the poorer households.

This study focuses on the qualitative aspects of the mechanisms that are newly generated
by HetCB, and the new redistributive channel that operates through different price indices
across different income levels. But it would be of interest to extend this paper to several
dimensions. First, since we abstract from unemployment, it would be an important extension
to study the normative implications of the asymmetry in unemployment risk observed in the
real world under the heterogeneous consumption baskets framework. Second, we simplified
the role of the fiscal sides, but heterogeneous consumption baskets may also have important
implications for fiscal policy as we examined shortly in the main text. Monetary and fiscal
policy interaction under heterogeneous consumption baskets merits further study. Third, in
this study we focused on the differences in the sectors of goods that households consume. Not
only that, the differences in the sector households work would also have important implication
for monetary policy, because the weight given to each sector by inflation targeting policy
would benefit households who work in some sectors at the cost of households who work in

other sectors.
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Appendix

A Proofs

A.1 Proof of Proposition 1

Proof. Assume that the efficient allocation can be supported by the market outcome. Then, we

have
wt:wf and qt:q,fLJ
Substituting them into the labor market clearing condition and the labor supply schedule of

type U households,

l1-0
nut = m (wt—Qt)

Combining the budget constraint and the labor supply schedules of type C' households,

l-0
o+p

nect = wy

Labor supply from each type of households are different as long as ¢F =aj3 ;—as:# 0 and o #1

l-0 g
no, —nNy, = ———
Cy U O'"‘(,Oqt
and the efficient condition does not hold. This contracts to the assumption. ]
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A.2 Proof of Proposition 2

Proof. 1) It is obvious by Eq.(2.30) and Eq.(2.31).
2) Assume that closing both output gaps is feasible, y1 ;=2 =0. Then by labor supply schedule
of both types of households, type C' households’ budget constraint, and labor market clearing

condition, we have

ﬁCtzl_J ! ZQQE
’ o 1+
~ 1-0 1 B
nyt = _Tl—i—cpzlqt
. l-0o o B
wy = p 1+80Z2(Jt
. 1l-0c ¢ g
A e

~ -0 ¢ E

wr—qt = _Tl—i—(pzlqt

If there is no nominal friction in either sector, constant markup leads to w; =0 or wy—¢q; =0,
which contradicts to the solution for w; or w; —q; derived above.

If nominal friction exists in both sectors, we have by the Phillips curve that

1-0 ¢

E
z
1 24

Tt = BEm1441] + K1

1-0 ¢ B B
— _r E E
K1 o 1 (1022 2 B tqt+s

1-0 o 1 E
z
o 1+¢ 1-Bp "

:[Ql

where we assume pq, = Pq, = Po- Similarly,

l1-0 1
Ld 21 QF
o 1+90 1_5/)11

T2t = —HK2

However, above solutions contradicts to the definition of relative price:

o+

~ o~ E E E E
— Gt —af = ———~(af —q
Gt —qt—17T4 —qi_1 U(1+90) (Qt q; 1)
1—0' (%2 E
# — . 1+<p1—ﬁpa(zm2+22m)qt = Tot—T14
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A.3 Proof of Proposition 3

Proof. We follow Woodford (2003) in deriving the welfare-theoretic loss function. Note first that
under the assumptions on employment subsidy and government transfers, the steady state is efficient
and equitable, No;=Ny;=N=Cc;=Cpy;=C=Y =1 with the wage and the relative price being
unity, W=Q=1. Thus we have

Vo) _ e o W Viv(WVey)
Uc(Cuy) Q Uc(Coy)

Define h;y =1— X and ho = A. Taking a second-order approximation to the equally weighted

sum of both types of households’ utilities around the efficient zero-inflation steady state,

Z hiU(Cht, Nh )

j=U,C
O T B 12 B IS
v 1 ip.

j=UC —VNN{n;, + “%n3,}

oy | AN+ 52, + (L=0)cf Cuet + Meoy + 57, + (1-0)cf o}
=U, N N N N % N
—(1=M){nu: + 17'1'80”%” + (1"'%0)”5,1&”&1?} = Mnc: + 1T+(pn%,t + (1+90)ng,tn0,t}

+ ti.p. + o(||€]®) (A.1)
Taking a second order approximation to the labor market clearing condition,

» 1. - ~ 1_ _
W(”l,t+§n%,t + nftnu) + (1—w)(n2,t+§n§’t + ngtngt)

~ 1 - _ 1. ~ .
= (1-X) (nU,t+§n%]7t + n[ﬁztnU,t) + )‘(nC,t‘i‘in%,t + ng,tn(),t) + t.i.p. + o(|[¢] ‘3> (A.2)

Let us define p; (i) =pj+(i) —pj:. Then, by a second order approximation,

P' Z -0 b4 (3 A~ . 1_9 2 A .
() = etoma — 14 oyt + SR o) (A3)
.77
Since = |. (M)l_edz’ = 1 by the price aggregator, we integrate Eq.(A.3) to derive
z JT; \ TPy, = y p gereg y Wi g q-( A v
J (oA . 0—1 J (A2 /-
B (pia(i)} = 5 400) (A4)
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Similarly, taking a second order approximation, integrating the result, and substituting Eq.(A.4),

P\ ~? 62
<g(j)) = 1= 0p;2(i) + 5 55(0) + o([[&]*)

N —? A .
L (PPU) 1= 0B 300} + S B0} + ol €]

j

=1+ E]{p]t( i)} + o(ll€]1%) (A.5)

SinceT Ef{ﬁ?t(z)} = i ij ﬁ?t(z)dz =1 fI (pj(i)—p; t) di, and we know that in the first order
+ = EN{p;+(i)}, we derive that EJ {ﬁ?t( i)} = Var!{p;+(i)}. Substituting this into Eq.(A.5),

()7 .
o . <P]t()> :1+gVari{pj,t(i)}Jro(Héll?’) (A.6)

2 Pjy

Thus we derive the second order approximation to the price dispersion in each sector as

1 P\ 6
du=ton [ (B0) = Sarltns) + ol (A7)

We have N;; = I, 22(;1 di = % Aﬁ;,t 7, (Pj;;ii))_edi by the relative demand function. Taking

a second order approximation and substituting Eq.(A.7), we derive

1 P‘,t Z) -0 ..
e = vy =0 =g +lox - [ () i o)
T; Jit

0 .
= Yjt — ar — a5 + §Va7"f{Pj,t(’L)} +o(]1€]1%)
ny =y +a; 4 a3, — 2(ar + a4y + 2aa5, + o(|[€]1°)
~ ~ 0 ; )
= Njr=Yjt+ §Va7“§ {p;e(i)} + o(J|€]°) (A.8)

ﬁ?,t + 2”ftﬁj,t = gjz,t + 2yft§j,t — 2(ar + ;)i + tip. + o(|[€]°) (A.9)

Substituting Eqgs.(A.2), (A.8) and (A.9) into Eq.(A.1), and canceling out the cross terms,

wOVari {p1:(i)} + (1—w)0Var?{ps (i)}

UY +o(1=N)é%, + oA ‘
(A1) == e < + ti.p. + o(||€]]?) (A.10)
—i—cp(l—)\)nU,t + Ang,

w1 —w) (Fre—F2,)?
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Let us define A/ EVarg{Pj,t(z’)}. According to Woodford (2003),

Ai —ain 1+1 t+0(‘|§’| )

A Yt
H,_/
t.i.p.

N+O(H€H)

and the present valued sum of the cross-sectional price dispersion can be rewritten in terms of

present valued sum of squared inflation as

Y pia] = (1_%;(“;'_% 55 2 B+ i+ o [€]F) (A.11)
t=0 t=0

Substituting Eq.(A.11) into Eq.(A.10), and summing up the present valued utilities,

Wit ’ 7r1t+ (1- W):Qﬂzt
Uy +o(1-N)E2, + a2
EOZB > hU(Chg, Niy) = ( )Ng“ <
=0 j=UC =0 +p(1=A)ng, + eAng,
| yw(-w)(Fre—T2e)®
+ti.p. +o(||€]?) (A.12)
By the final good market clearing condition,
e = (1=XN)cuy + ey + o(J[¢] )
= (L=A)y + gy = T7 + ML= (Cug—Ccp)® + tip. + o(|[€]1°) (A.13)

By the output aggregator and the labor market clearing condition,

U = wing + (1—w)Jos = winy + (1—w)hay = (1= N7y, + Aoy + of||€]%)
= (1=Nng, + Mg, = U7 + AM1=X) (A —Ticy)® + tip. + o([|€]1%) (A.14)

By the price aggregator,

pre—p = —(1-w)g — 5 To(1-w)a? + (€] (A.15)

1—
Pae =P = wagy — —w(1-w)g? +o([¢]) (A.16)
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Since we have exact relative demand functions in terms of relative price and aggregate output,

Y1t = —n(Pp1,e — pe) + Yt

Yo, = —1(p2,t — Pt) + Yt

Substituting Eqgs.(A.15)-(A.16) into Egs.(A.17)-(A.18),

Y1t =y + (1-wng + w(l-w)

Yo,r = Yt — wnq + w(l—w)

n(1-n)
2

n(1—n)
2

a; + o(|[¢I°)

g + o([¢]])

Subtracting Eq.(A.20) from Eq.(A.19), and rewriting in terms of gaps,

(Gre—724)” = 117G + o€

substituting Eqs.(A.13)-(A.14) and (A.21) into Eq.(A.12),

Y o
(A.12):—U Eyy p
t=0

2

UY | =,

2

-, . -
wiermty + (1-w)om3,

+(o+0)y7
+O’)\(1 —>\) (5U,t —Ecvt)g
+oA1=N)(ny—ney)?

|+ pw(=w) (1= 020)*

0

[ W*W%t +(1-w) . W%,t ]

K2
+(o+¢)37
+oA(1—=N)(Cut—Coy)?
FOA1=\) (A — oy )?
+nw(l—w)q?

K1

+ t.i.p. + o(|[¢]®)

+ti.p. +o(||€]]*)

(A.19)

(A.20)

(A.21)

(A.22)

We can simplify the loss function further by deriving the first order relations between distribu-

tional variables and aggregate variables using the equilibrium conditions on the household side,

(1=N)Cut + Aoy = (1=N)u + Afey + o(|[€]]?)

onyy +ocyy = wy — (1—w)q + 0(||§||2)
oncy +ocoy = wy — (1—w)q + o(|1€]1%)

Cog = ey + 0 — (1-w)g: + o([I€])
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from which we derive the following relations in the first order:

1

>

1—0)

~ o 1=X( ~
s = G g + ollelP) (A.23)
= 1-XM14y) -
Ut = (1_)\)(1+¢)00,t+0(||§||2) (A.24)

Since yr = (1—N)cyr + Acue = (1—N)ny: + Angpy in the first order,

cor = (14+9)u (A.25)
_1-A(149) -
U= "7\ ¥ (A.26)
net = (1—0)ys (A.27)
~ 1-X1—-0) .
nut = 1(_)\ )yt (A.28)

substituting Eqgs.(A.25)-(A.28) into Eq.(A.22), we finally have that

Eg» 8" > hi(Chp, Niy)

t=0 j=UC
vy & w%”it + (1_w)%773,t
=——5-Eoy | +o+e) AR | +tip + o) (A.29)
t=0

+nw(l—w)g?

Note that % is increasing in A, implying that as the share of the financially constrained
households increases, output stabilization becomes relatively more important than price stabiliza-

tion. If o =ag =« and thus k] =kg =k, we can rewrite Eq.(A.29) as

0y o %7‘(‘? + w(l—w)%(ﬂgﬂg—m’ty
(120 = Y B 5 | T Bz | rip o) (A30
=0 +rw(l-w)g?
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A.4 Proof of Proposition 4

Proof. We solve a Ramsey problem of the utilitarian central bank when the price of sector 1 is
flexible and the price of sector 2 is sticky, a1 =0, under HomCB. The opposite case will be exactly

symmetric under homogeneous consumption baskets. We set up the Lagrangian as:

1 & (1-w)sm3, + (o +9)7 + nw(l-w)g

Ly = §E0 Z ﬁt » » » »
t=0 —l—J)\(l—)\)(CUt—CQt)Q + go)\(l—)\)(nUyt—nc,t)Q

+E025 U t{m — Bmaer1 + @qt}
+E026¢2t{ G — @1 +af —a 7r27t—|-7r17t}
+E02ﬁ¢3t{w L+ (1=w)as — (1— )\)nUt—AnCt}
+E025 ¢4t{<,0 vt + ey + (1-w) t}

+E025 ¢5t{<ﬁ o+ ocor+ (1- W)Qt}

+EoZB wﬁt{cm—nm—wt+<1—w>zﬁ}

&
g
+Eo Z B ¢9,t{yt — Wi — (1—W)§2,t}

t=0

+E025t¢7 Y1t — (1=A)cus — Acoy — U(l—w)at}

+E025¢8t 2t — (1— ACUt—ACCt+77WQt}

where {¢1+}, -+, {19} are the Lagrange multipliers.
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First order conditions are as follows:

Omyy 1 0 =1bay
Omat: 0= (1—w)Oma; + Ko(V1s — Y1,—1) — Katbay
Oy1t : 0= wihs s + Y7t — wiho s
ot 1 0= (1-w)ss + gt — (1—w)hoy
deyy 1 0= oM1=N)(cus—coyt) + oar — (1=N)rs — (1= N)ibg
dccy 10 =—0A1=N)(Cur—Cor) + o5t + Y67 — Mbr — Mps e
onyy 1 0= pA1=N)(nue—ncog) — (L=AN)bs s + pihay
et 0=—pA(1=N)(nut—nc) — Mzt + ¥t — Ve
0qt : 0 = nw(1-w)q + ko1t + Y2t — BEW2e41] + (1—w)Yar + (1—w)ths e + (1-w)be
—n(1—w)rs + nwisy
0y - 0= (0 +©) Yt + 9.t

Simplifying first order conditions, they reduce down to two equations:

(1—w)fmoy + koY1 — th14-1) =0 (A.31)

TOA - ~ ~
— — A.32
% (s~ —Tva+ic) (A.32)

ko1 = —nw(l-w)g + (1-w) <Z7t -

By using Lagrangian constraints, we rewrite Eq.(A.32) in terms of ¢,

1-wl-A1-0p)\ -
=—(1— A.33
koW1 (1-w) (UW + RPN qt ( )
Substituting Eq.(A.33) into Eq.(A.31), and using the Phillips curve in sector 2, we derive a
second-order difference equation where ¢p= % (nw + %%) > 0 in this proof:

~ 1 Ko \ ~ 1_
Ei|gi+1] — (1 + =+ )Qt +Zq-1=0
@] B Be g
Solving the equation, we find ¢; = A2g;—1 where the two eigenvalues satisfies 0 < Ay <1< \y.
Assuming that all the variables are in the steady state initially including ¢_1 =0, the dynamics

under optimal monetary policy achieves efficiency as follows:

~OMP _ ~OMP _ _OMP _ ~OMP _ ~OMP _ ~OMP _ ~OMP _ ~OMP _ ~OMP _ ~OMP __
q; =Wy =Totr =Yt =Yty =Y =Cur =Ccyi =Nur —Ncp =0
OMP _ __E E
Ty =4 TG
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A.5 Proof of Proposition 5

Proof. We solve a Ramsey problem of the utilitarian central bank when the prices of both sectors
are sticky to the same degree, 0 < a; = as = a, under HomCB. The set-up of Lagrangian is the

same as that in the proof of Proposition 6 except that we have k1 =k =k now.

Rewriting Lagrangian constraints corresponding to {1}, - -+, {¢3},
Tt — BEY T 441]) = KWy (A.34)
ot — BEma441] = KW — K@y (A.35)
G —G—1+a —qf ) = ot — Tt (A.36)

Aggregating Eqs.(A.34)-(A.35) with sector size,
T — 5Et[ﬂ't+1] = Iﬁ(’wt — (1-&))@5) (A37)

Substituting Eqgs.(A.48)-(A.51) into eq.(A.37),

7 — BEmi1] = k(1+9) 3 (A.38)
Rewriting Eqgs.(A.52)-(A.53),
m= g A ) (A.39)
0= —(1—w)fmas + Ktp3s + A(L)3 1t — BA(L) Et[t)3 1] + nw(1—w) A(L)g: (A.40)
—1-0) AT g,

Substituting Eq.(A.39) into Eq.(A.38), we derive a second order difference equation where

1-A\(1—o¢p)

% o > 0 in this proof:

¢

Yt + =Yi—1 =0

Ei[yi1] — (1 + = + 3

/{(H-cp)) 1
B B

Solving the equation, we find 3 = A2y;_1 where the two eigenvalues satisfies 0 < Ao < 1 < Aq.

Assuming that all the variables are in the steady state initially including y_; =0,

~OMP OMP
Yy = Ty =0

Subtracting Eq.(A.341) from Eq.(A.35),

Top — w1t = B(Ei[ma41] — Eilmie1]) — KG (A.41)
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Substituting Eq.(A.36) into Eq.(A.41), we derive a second order difference equation:

~ 1 - 1. 1 1
Ei[Gi+1] — (1 + B + g)% + B%_l = (5 +1- P)%fLJ - EQ£1

Solving the equation,
~ ()\1 —1)(1— )\1
a = *C]E Z )\2 ik

where the two eigenvalues satisfies 0 < Ao <1< A1. The central bank loses control over ¢; if a1 =ao,
because it is affected only by exogenous shocks, ¢, moving independently from other variables.
Note that this is derived by using only Phillips curves in both sectors and the definition of relative
price.

To summarize, the dynamics under optimal monetary policy are given as follows:

OMP FOMP _2OMP _-OMP _~OMP _~OMP
=Y =Cut =Ccix “Nug [2eX =0
~OMP p, M-1(A-A\)
q =—¢ t—— )\1_ Z)‘2 Ak

A1—p s B
AM—1)(1=)) =
FOMP = _(1-w)gf +n(1—w)NTDUZN) = e m
A1—p o
A —1D(1=)1) =
got = nwef — nww > Asdf

A1—p P

where achieving efficiency is infeasible. Note that as the price converges to flexible price, a — 0, we
have A\ = oo and Ay — 0. Thus relative price, wage and sectoral output gap converge to efficient

levels, gt — 0, wy — 0, y1; — 0 and y2; — 0. =
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A.6 Proof of Proposition 6

Proof. We solve a Ramsey problem of the utilitarian central bank when the prices of both sectors
are sticky, but to different degrees, 0 < < s, under HomCB. The opposite case will be exactly

symmetric under homogeneous consumption baskets. We set up the Lagrangian as:

Tt + (1—w)Zms, + (0+9)3 + nw(l-w)g;

*EO Zﬁt o

+oAM1=N)(Cut—cor)? + eA1=N) Myt —ncy)?

+EOZB V144 Tt — BTiegr — fﬂwt}
+EOZB Vo4 Mot — BTap41 — KoWe + HQQt}

+EOZB¢3t G —Gi1+af — E_1—772,t+7T1,t}

+E026w5t Y + ot — wt+<1—w>’q“t}

{
{
&
+EUZ/5 mt{ (1=A)eue + Aece — (1=A)rivs — AnCt}
i
Rt

net + ocoy — Wi + (1—w)§t}

+Eo Z g ¢7,t{00,t —ney — W+ (1—w)(7t}

t=0

where {1}, -+, {17} are the Lagrange multipliers.

First order conditions are as follows:

Om 0 =wlm s + k1 (Y1 — Y1e-1) + K13
Omay 1 0= (1-w)fmas + koo — a1-1) — Katbsy
dcug : 0= (0+9)(1=N)y + oA(1=A)(cug—ceyp) + (1=A)thay + othsy
dccy 1 0= (o+9) Ay — o A(1=A)(cur—Cou) + Mpay + oer + e
Onyy : 0= eA1=XA)(nug—neo) — (1=A)Yas + o5,
onc 0= —pA(1=N)(nut—nc) — Mar + oYt — P
0wy : 0= =K1 — Kotbat — Vst — Vet — Y7t
0gt : 0 = nw(1-w)q + Koot + P31 — BE3 1] + (1—w)st + (1—w)ber + (1—-w)ry
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Simplifying first order conditions, they reduce down to four equations where A(L)=1—L:

0= wﬁﬂ'u + /€1A(L)1/117t + K13 (A.42)

0= (1—&))97['2’,5 + KQA(L)¢2¢ — /ﬁ;gwg’t) (A.43)
- oPA ~ ~ ~

0= K11 + Kotboy — Yr + Uf@(CU,t_CC,t_nU,t‘i‘nC,t) (A.44)

oTPA
o+

0 = nuo(1—)ii + Fathas + s — BEusr1] — (1—w) (at - (zU,tzc,tﬁU,ﬁﬁc,t)) (A.45)

Pre-multiplying Eqs.(A.44)-(A.45) by A(L), and substituting Eqgs.(A.42)-(A.43) into them,

. A
0= w97T17t + (1-&))07’(2775 -+ ﬁlw&t — KJQT/J&t + A(L) (yt - Zigo(CU’t_CC’t_nU’t+nC’t)> (A46)
0=—(1-w)bms + Kkoths s + A(L)Y3+ — BA(L)Et[¢3 ¢41) + nw(1—w)A(L) gy (A.4T7)
~  OPA ~ ~ ~
— (1-w)A(L) (yt - 7% (CU,t—CC,t—nU,t+nc,t)>
o+

By using Lagrangian constraints corresponding to {t4+}, ---, {17}, the definition of aggre-
gate output gap, goods market clearing condition and labor market clearing condition, we write

distributional variables in terms of w;—(1—w)q; or v,

G = 2 (= (1)) = (1) (A48)
~ 1-M1+4v) ~ 1-A1+¢) -
cut = d-Not0) (W —(1—w)q) = T Ut (A.49)
s = e (= (1-0)7) = (1-0)5 (A50)
e = ooy @ -i) = (A51)
Substituting Eqgs.(A.48)-(A.51) into Egs.(A.46)-(A.47),
0= (Ko—k1 )3y — Omy — WA(L)@ (A.52)
0= —(1—(«))97@7,5 + Iiglﬂg’t + A(L)wgﬂg — 5A(L)Et[w3,t+1] + nw(l—w)A(L)(it (A53)

-0 AT g,
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Substituting Eq.(A.52) into Eq.(A.53), we derive a targeting rule

L[ me{fmt PETD AR + AL O+ ALY} (A54)
K21 ~BA(L){OE[m 1]+ 257D A(L) By G4 ]} '
= (1-)m (L) ALY + (1) T g,

]
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A.7 Proof of Proposition 7

Proof. We follow Woodford (2003) in deriving the welfare-theoretic loss function. Note first that
under the assumptions on employment subsidy and government transfers, the steady state is efficient
and equitable, No;=Ny;=N=Cc;=Cpy;=C=Y =1 with the wage and the relative price being
unity, W=Q=1. Thus we have
Vo) _ e o W Viv(WVey)
Uc(Cuy) Q  Uc(Ccyu)
Define hy=1—X and ho =\, and note that we assumed z; =X and z9=1—\. Taking a second-
order approximation to the equally weighted sum of both types of households’ utilities around the

efficient zero-inflation steady state,

> BiU(Chg, Niy)

j=U,C
UY{cii+ 522

= > hy teje QWJ tz} + t.i.p. 4+ o(||€]P)

j=U,C —VNN{n;: + )}
Uy z1{cct + 17—05%” +(1— )cthc i} + 22{Cuy + 52 et (1- 0')657755(]’15}
— Ue . . ~

—2{ficy + 0, + (1o fics} — 2{fve + SE0%, + (1+@)nf v}
+ tip. + o(||€] %) (A.55)

Taking a second order approximation to the labor market clearing condition,

_ 1._ - . 1._ _
w(nl,t+§n%,t +nf i) + (1—W)(”2,t+§n§,t )

_ 1 _ 1. _ .
— (l—A)(nUﬂg—l—in%’t +ng ) + A(nqt+§n2€,t +ngmicg) + tip. + o(||€][%) (A.56)

Let us define p;+(i) =p;+(i)—p;s. Then, by a second order approximation,

(e 1-6 o Y

Since + fI ( L t(l))l_edi = 1 by the price aggregator, we integrate Eq.(A.57) to derive

]t

B (pi(0)} = “5 B () (A.58)
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Similarly, taking a second order approximation, integrating the result, and substituting Eq.(A.58),
Pjtu))a T 3
: =1—-0p;(i) + 05,1 +o
(5 3009+ %540 + ol
1 Pis(i)\ " - 62 ,
o (J ‘ = 1= 0E{p;(i)} + E]{p]t( i)} +o(llElP)

=1+ E]{p]t( i)} + o(ll€]1%) (A.59)

SinceT Ef{ﬁ?t(z)} = i ij ﬁ?t(z)dz =1 fI (pj(i)—p; t) di, and we know that in the first order
+ = EN{p;+(i)}, we derive that EJ {ﬁ?t( i)} = Var!{p;+(i)}. Substituting this into Eq.(A.59),

S\ ! .
- . <P]t()> =1+ gVWi{Pj,t(i)} +o(|[¢]1%) (A.60)

2 Pjy

Thus we derive the second order approximation to the price dispersion in each sector as

1 P\ 6
du=ton [ (B0) = Sarltns) + ol (A61)

We have N;; = I, 22(;1 di = % Aﬁ;,t 7, (Pj;;ii))_edi by the relative demand function. Taking

a second order approximation and substituting Eq.(A.61), we derive

1 P‘,t Z) -0 ..
e = vy =0 =g +lox - [ () i o)
T; Jit

0 .
= Yjt — ar — a5 + §Va7"f{Pj,t(’L)} +o(]1€]1%)
ny =y +a; 4 a3, — 2(ar + a4y + 2aa5, + o(|[€]1°)
~ ~ 0 ; )
= Njr=Yjt+ §Va7“§ {p;e(i)} + o(J|€]°) (A.62)

'ﬁ?}t + 2nftﬁj7t = ﬂj%t + nytﬂj,t —2(at + a;)y; + ti.p. + o] |§]|3) (A.63)
Substituting Eqgs.(A.56), (A.62) and (A.63) into Eq.(A.1), and canceling out the cross terms,

210V ar {p14(i)} + 220V ari{p2(i)}
(A.B5) = — +210?7%,t + 220@%,5 +ti.p. + o([¢]]%) (A.64)

+z1 (Pﬁ%',t + Zggoﬁ%]’t

where y1;=cc and Y2 =cy, by goods market clearing condition.
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Let us define A/ EVarg{Pj,t(z’)}. According to Woodford (2003),

Ai —ain 1+1 t+0(‘|§’| )

A Yt
H,_/
t.i.p.

N+O(H€H)

and the present valued sum of the cross-sectional price dispersion can be rewritten in terms of

present valued sum of squared inflation as

N B = (1_%;(”1' = B)Z 72, + tip. + o |[€]) (A.65)
t=0 t=0

Substituting Eq.(A.65) into Eq.(A.64), and summing up the present valued utilities,

219 + 3297-(
UY lt K2 2t
E025 > BU(Ch, Nug) = —— —|—z10y17t+zgay27t + t.i.p. + o(||€]]?)
= j=U,C t=0

+21 goﬁét + 22 gpﬁzw
(A.66)

Deriving the relation between labor supply gap of type C' households and output gap 1 by the

relation between consumption and labor supply of the constrained households,

l1-0 1-0 1
noy = m - A.67
net 1+¢y1,t+ s 1+ 2qt ( )
2
N%‘t 1_70 @%t+2 1_70 qutEylt_i_th (A.68)
1+ ’ 1+

Substituting Eq.(A.67) into the labor market clearing condition, we derive the relation between

labor supply gap of the unconstrained households and output gaps:

210+ 1-0 1

~ E 2
- A.
ny; = 1o Y1t + Y2, s 1to z1q;” + o([[€]]7) (A.69)
52
n — ) B+ +2 ( Y1,tY2,t
Ut = %(H—cp 1t 2,t 1o
1-0 1 210+ 3
-2 t. A.70
< (2 wymyﬂ)zlqt +tip.+ollIE]) (A.70)

substituting Eqs.(A.68) and (A.70) into Eq.(A.66), we can rewrite the loss function in terms of
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inflation and output gaps only:

z10 290 T
o, Tt Gy T
—~— —~—
= Frrl = Fﬂ-l
1—0)? 21,049 9 ]”2
+ z1jo+ | — —
1[ <1+<p> ot L g P Ui
Uy & & —
(A.66) = — ; Eyy p o+gof~ry“
t=0 + 221901+ U120 + z(o+9) U3,
¥ —_——
=T, = Dyyy
- 12
l-ocz12z9 (1=0 z10+¢\ g~ l1-0 2129 g~
2 - — — 2p—— 2=
T e <1+cp PR A e R S TR e
L =Ty ¥92 ]
+ ti.p. + o(||€]®)
vy & Lrywf 4 Trym3,
2 EoZ/B ~ . \o ~ L . N o
t=0 L +Fy11(3/1,t_$1,t) + Ty, (yl,t—xl,t)(ylt - $2,t) + Dy, (92,7&—952,15)
+ ti.p.+o(||¢]?) (A.71)
o = Lynlyn —Tynly,  1-0 ¢ (a—zQ)ZQqE
BT Tyig? — ATy Tyao o otp ootz
o = 2Wynlys —Tyelyy  1-0 ¢ 2120 g
217 Tyip? — ATy Ty o otpoptz

where FZIQ —4I'y,, I'y,, < 0 holds implying that the contour of the loss function is elliptical with its

center being (7 ;, x3,).
Note that target output gaps shifts according to relative productivity shock, ¢, and their
directions depends on the value of o that measures the relative size of the income effect compared

to the substitution effect in labor supply and households’ preference on consumption smoothing,

N >0, if z9<o<1 . >0, if o<1
T4 ) and x5, ]
’ < 0, otherwise ’ <0, otherwise
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A.8 Proof of Proposition 8

Proof. We solve a Ramsey problem of the utilitarian central bank when the price of sector 1 is

flexible and the price of sector 2 is sticky, a; =0, under HetCB. We set up the Lagrangian as:

2202
K2 7T27t

+ly, @{Yt_xit)Q + Ty, (gﬂt_xik,t)@lt - wét) + Lyoy @2,25_1’3,02

L= B

t=0

o
+Eo > ﬁtwl,t{m,t — B + Fiﬁt}
=0

o
+Eo Zﬁt%,t{@ — Q1+ — gy — Tt 7T1,t}
t=0

o0
t ~N ~ ~ ~N
+Ey 5 B ¢3,t{21y1,t + 22Y24 — 22Nt — Zlnc,t}
=0

o0
+Ey Z 5t¢4,t{80ﬁU,t + oYt + @t}

t=0

where {t1+}, -+, {ta+} are the Lagrange multipliers.

First order conditions are as follows:

Omyy 0 =1y
2’29
Omay:0= ?1772,1% + 1 — P11 — oy

O0qr : 0 = ko1t + Yo — BE2141] + Yay

~ ~ * F ~, *
Y2t 0 0 =Ty (Y2, —3,) + 7‘;12 (y{\ft_ml,t) + 203t + 0Yay
Onyyt 1 0 = —213¢ + PPay

Simplifying first order conditions into one equation:

1. 1_
mai = 50 (qf —gF) ~ T+ T (A.72)

By using Lagrangian constraints corresponding to {t1+}, {¢3+}, and {14},

~ o
Tt — BEma 1] — Ka(o+9)y2 + kK2 - pzq =0 (A.73)

Substituting Eq.(A.72) into Eq.(A.73), we derive a second-order difference equation where v =
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ﬁ?ﬂ%(l‘FB Bp+ra0(c+¢)) and ygzglii in this proof:

g

o+p
1 ng o—i-go
>y2t+ —qi-1 = 71nt+’¥2(1£1

Ei[y2,t41] — (1 + 3 +

Solving the equation,

_ z1l1—0 ¢ 1 > 1 g znl-0c ¢ 1 g
= Nlizi—1+ o ————(148-Bp— —+r2b(o+¢) | ——af — 5 ——"——qf
Y2t 2Y2,t—1 3 o 0’+g0( B—Bp N (c+¢) >\1—th 3 o0 oto )\1% 1

where the two eigenvalues satisfies 0 < Ay <1< Ay. Simplifying further with A\ +Xo=1+ % + %

and A dp=1,

-0
~OMP Y E _~N
= ——q; = A.75
Yo 21 p U_Hoqt Yot ( )
Substituting Eq.(A.75) into Eq.(A.72),
FOMP _ (A.76)
Solving for the rest variables,
~omp _ __1-0 qF
Ut ot
GOMP = =g
%StMP_—Qt + a1
We find that optimal policy achieves flexible price (natural) allocation. O
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A.9 Proof of Proposition 9

Proof. We solve a Ramsey problem of the utilitarian central bank when the price of sector 2 is

flexible and the price of sector 1 is sticky, as =0, under HetCB. We set up the Lagrangian as:

219 2
™

L= B

t=0

—i—EoZﬁ Y149 Tt — BT 41 — fﬁwt}

Wt
Ly, (1 —2%,)? + Fylz@l,t—%,t (U2t — a5 1) + Dy (Jo0 =5 1)

+E02ﬁ ha 'LUt_Qt}

+E025 VYapq 21Y1t + 22Y2,0 — Z2nU — Zlnm}

+E02ﬁ V5,49 PN Ut+0y2t}

+EOZﬁ ¢3t{Qt G1+a — g - 7F2,t+771,t}

Ct+0y1t_wt}

1—
+E02ﬁ ¢7t{y1t—wt—n0t+ quzg}

t=0

where {¢1+}, -+, {t7+} are the Lagrange multipliers.

First order conditions are as follows:

210
om0 = ?1771,7: + 1 — P11+ Y3

87T2,t 0= —1/13,1&
Ow : 0= —k1P1y + Yo — Ve — Y7t
0q; : 0= —to s + V3 — BE[3,141]

~ ~ * F ~ *
01t 1 0 =Ty, (U1t =27 ,) + — 2 (W —254) + 2104 + o + Y7y

Y
2

~ ~ * F ~ *
O : 0 =Ty, (Y2 —a5 ;) + 22 (1 —7 ) + 220hay + 0thsy

2

ony : 0= —22v04s + @54
oncy : 0= —21%4; + Qe — Y7y
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Simplifying first order conditions into one equation:

ko ~ k

0
Tt = _E(’yl’t —Y1,t-1) + ZTQ(»’UT,t - «’L’T,tq) (A.77)
where ]{?0_%21[04—( 2o+ 2 (‘(7;2;72@] and ky =0+ (2 ) pta (((71#;72%
Simplifying Lagrangian constraints corresponding to {wg,,t}, {7},
~ oty l—0 ¢ g
T = +2 A.78
t 1+¢y1t 22 pn H_@Qt ( )
Substituting Eq.(A.78) into the labor market clearing condition,
~ 2P l-0 ¢ g
_ A _r A.79
Yot P U—i—sowt + 21 pu U_Hpqt ( )
Substituting Eq.(A.78) into the Phillips Curve in sector 1,
o+p . 1—0
it — BEm1441] — K1 (pyl,t — k122 —_— 4 a =0 (A.80)

14+ 14+

Substituting Eq.(A.77) into Eq.(A.80), we derive a second-order difference equation where v =

%17@[(1+5—Bp)00x§2 _%(%) ] and 725%217—0£:¢f§ in this proof:

" 1 k10 [ o+
B — (1++1<1+f;

~ 1_ E E
37 By Y20 + Eyuq = -7 +V2q;_4

Solving the equation,

wl-o ¢ 1 K 1> 02 mﬁ(aw) ] B
= X1 + — 1+
Y1t = A2Y1t—1 8 0 otor—p f=Bp= A1 Joptze ki \1+gp o

zpl—0c ¢ 1 o0—22 g
_ v A.81
8 o otg )\1 agp+22% 1 ( )

where the two eigenvalues satisfies 0 < Ao <1 < A;. Simplifying further with Aj+Xo = 1+%+ g}g (7 ar )2
and A\ A= %,

l1—0o o—% l—0o op+o (M—1)(1—X2)
~OMP P 2 E ¥ P 1 2)
=z —z PV A.82
Yt 2y o+ ng+22(h s o+pop+ze )\1— Z 2qt k ( )
=z7 4
as a1— 0 . l-0o ' E _ ~N
Z2 po a—l—goq Yie

Note that as a1 — 0, Ay > ocoand Ao — 0.
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Substituting Eq.(A.82) into Eq.(A.77),

- kp 1—o op+o (A1—1)(1—X2)
OMP 0 4 ¥ 1 E k E
—(1-=X E A
T 21922 o otpoptz Al—p @ —( 2) — 28—k

Solving for the rest variables,

-0 o 29 -0 ¢ oo (M—1)(1-X) —
gt =z 9 +2 > Al
o otpoptzo o o+poptz Al—p —

:xg,t
as a1— 0 -0 o E ~N
z 4 = Yo
o o+

~ 1- A—1)(1-A
ROMP _ U< 2 g, 0 1) 2)Z>\2 o= k)
k=0

Uit op+29 2 op+2 A1l—p

o+
as a1— 0 l-o E __~N
—z =n
10+¢Qt Ut
HOMP _ l—0o ( ©+29 o - w—0p (A —1)(1-X) — Z/\Q k)
’ o+p \op+22 op+z9 Al—p — -
as a1— 0 l-0o E __~N
z =n
20—|—g0qt Cit

FOMP _ GOMP 1-0 ¢ opto (5 (M—D1-X) o=\ 5
=4 = Z2 - E A
o 14+pop+ze

as a1— 0 Ozwg\[:at]v
Thus the market outcome under optimal monetary policy fails to obtain efficiency. Note that

under optimal monetary policy we have

~ *
y2,t_x27t . _ﬂ ©®

gl,t_xit <2 1+90

Rearranging the terms,
ez1(yre—21 ) + (1+9)z(ya—23,) =0 (A.83)

It is trivial to prove that flexible price allocation is achievable, thus the latter is sub-optimal.
O
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A.10 Proof of Proposition 10

Proof. We solve a Ramsey problem of the utilitarian central bank when the prices of both sectors
are sticky to the same degree, 0 < a1 <@z =a, under HetCB. The set-up of Lagrangian is the same

as that in the proof of Proposition 11 except that we have k1 = k9 =kx now:

Li= %EOZ/Bt

+E025 V1T — B — /’vlwt}

+Fy11 (gl t_f{ t)2 + Fyl2 (gl,t—xl,t)(ylt - x’QF,t) + I\y22 (glt_‘r;,t)Z

+EoZﬁ Vo,tq T2t — BTae1 — koWt + m%}

+EOZ/8 %t{fh qi— 1+qt E_1—7T2,t+7Tl,t}

+Eo Zﬁ Vg 21Y1¢ + 22y — 22N — ZlnCt}

+EOZﬁ Vstq Ut+Jy2t—wt+Qt}

+E025 Y614 Pno: + oy _wt}

l1-0
+E02ﬁ T/f7t{y1t_wt_n6’t+ ZQQF}

t=0

where {¢1}, -+, {17} are the Lagrange multipliers.

First order conditions are as follows:

z10
87Tl,t:0:?1771t+¢1t_¢1t 1+ Y3y

Z29
8772,t:0:?1772t+¢2t_¢2t 1— P3¢

0wy : 0 = —K1P1s — Kooy — st — Ve — V7t
0qr 1 0 = Kathoy + 31 — BE Y3 141) + U5y

- - Iy~
O 20 =Ty, (W=7 ) + =22 (Far—a5,) + 21040 + 061 + Vs

2

~ ~ * F ~ *
Y2, 0 0 =Ty (Y2, —23,) + %(yl,t_xl,t) + 20tha + o5y

Onye: 0= =204 + P54

)

oncy 1 0= =214 + e — V74
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Rewriting Lagrangian constraints corresponding to {¢1 .}, - -+, {¢3},

Tt — BEY T 441]) = KWy (A.84)
T2t — 5Et[772,t+1] = KW — Kqy (A~85)
Gt — Q-1+ a7 — gy =maq — Ty (A.86)

Subtracting Eq.(A.90) from Eq.(A.85),
mo — w1 = B(Eilmoq1] — Eimi1]) — ke (A.87)

Substituting Eq.(A.86) into Eq.(A.87), we derive a second order difference equation:

~ 1 - 1. 1 1
E[qi41] — <1 + 3 + g)fh + eq_l = (5 +1-— P)CIF - eqE;1

Solving the equation,

o0
~ g, Ai—1(1-M\) k B
gt =—q¢ +—————— A3qi-
t )\1 —p ;) 29t—k
where the two eigenvalues satisfies 0 < Ao <1< A;. The central bank loses control over ¢ if oy =ao,
because it is affected only by exogenous asymmetric shocks, ¢ independently from other variables.
Note that this is derived by using only Phillips curves in both sectors and the definition of relative
price.
Rewriting Eqgs.(A.96)-(A.97),
z1 O

2’1(971'1775 + Z297T27t + (Zl_'_ZQl—i-gD)A(L) @Lt—x”{’t) + ng(L)@g,t—x;’t) =0 (A.88)

Wi+ ALY = BAWL)Els1] = 22072+ AW Fre—ai) + 2 AL Goa—h,) (A-59)

A targeting rule Eq.(A.88) closes the model, and Eq.(A.89) only determines 93 if oy =a9. O
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A.11 Proof of Proposition 11

Proof. We solve a Ramsey problem of the utilitarian central bank when the prices of both sectors

are sticky, but to different degrees, 0 <aj < a2, under HetCB. We set up the Lagrangian as:

219 220
w3 +t ,t

L= B f

t=0

+EoZﬁ Y149 Tt — BT 41 — fﬂwt}

+Lyy, (Y16 — 27 t)2 + Ty, (yl,t—wl,t)(ylt - wét) + Dyoy @2,25_1’3,02

+E02ﬁ Va4 Mg — BTop1 — Ko + H2Qt}

+E025 VYapq 21Y1t + 22Y2,0 — 22N — Zlnm}

+EOZﬁ Y519 U+ OYot —@t'i‘(zt}

+E02ﬁ¢3t{6h @1+Q£E—q1£1—7r2,t+771,t}

+EOZ/8 Vet ¥ C,t+0§1,t—@t}

l-0
+E02ﬁ ¢7t{y1t—wt—n0t+ quzg}

t=0

where {¢1+}, -+, {t7+} are the Lagrange multipliers.

First order conditions are as follows:

210
om0 = 7771,75 + 1 — P11+ Y3

20
8772,t30:i772t+1/12t_¢2t 1— Y3

owy : 0= —fiﬂ/il,t - K2¢2,t - ¢5,t - 1/16,15 - ¢7,t
0qr 1 0 = Katho s + 31 — BE Y3 441) + U5 4

~ ~ * F ~ *
Oy1,e: 0= Fyu(yl,t—l‘l,t) + -2 (y2,t—$2,t) + 2104 + 06 + P74

Y
2

~ ~ * F ~ *
e 1 0 =Ty (Y20 —x3,) + %(yl,t_l‘l,t) + 22thas + o5 ¢
Onyy = 0= —z0as + P54

oncy : 0= —21Y4; + et — Y7y
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Simplifying first order conditions, they reduce down to four equations where A(L)=1—L:

0= 210m14 + k1 A(L)Y1 s + k13 (A.90)
0 = 200m2 4 + ko A(L)tha s — Kathst) (A.91)
z F ~ * ~ *
0= r1P1s + Katpoy — <:—Zl> % [ ;12 (yl,t_xl,t)+ry22 (y2,t_m2,t):| (A.92)
I+¢ ~ wyy Luee ~ "
T ot [Fyu (yl,t_xl,t)"’_Z;Q(y27t_x2,t):|
1 |T - * ~ *
0 = kothay + 3t — BE[Y3441] — . [ ‘;2 (yl,t—fULt)JrFym(yzt—%,t)] (A.93)

Pre-multiplying Eqgs.(A.92)-(A.93) by A(L), and substituting Eqgs.(A.90)-(A.91) into them,

0= 210m 1 + 220m2 ¢ + K13 — K3 + (21+Z2> A(L) (W14 —21 ) + 22A(L) (Y20 — 75 )

(A.94)

0 = —200m9 + Kotz s + A(L)bs s — BA(L) Eylts 1] — ——- A(L) (§14—} ) — 22A(L) (Jo—3.,)

14¢
(A.95)

Simplifying further,

7 o ~ N ~ X
2197T1,t + 2’2971'2775 + (z1+z;1—:0<p>A(L)(y1’t_xl’t) + Z2A(L)(y2,t—1’2,t) (A.Qﬁ)

Y3 =

R2—RK1

z ~ * ~ *
ko3t + A(L)3 s — BA(L)Ei[3,41] = z00ma + %A(L)(yl,t_xl,t) + 22A(L) (Y2, —34)

(A.97)

Substituting Eq.(A.96) into Eq.(A.97), we derive a targeting rule

K2 21 OQ - N _ .
o 0 ——— JA(L — A(L _
p— {m Tt + 220mo + (21+z2 1+80> (L) (1,6 =7 4) + 22A(L) (Y2, xz,t)]
1 [zlﬁm,t + 290m2+ + (m—i—i;ﬂi)A(L)@Lt—xﬁ) + ZQA(L)(:I’.JZt—I‘;’t)]
K2 —K1

- [zleﬂu—l + 220m 1 + <Z1+2f'+‘f;> A(L)(Y10-1—27 41) + 22A(L) (Y2,0-1 _l;,t—l):|

3 Ey [ZIQWMH + 220ma 41 + <21+2ﬂf}> A(L) (Y141 =27 141) + 22A(L) (Y2,041 —mé,m)}

2T —Ei [2197r1,t + 220ma 1 + <z1 + 2{1‘;) A(L) (1= ) + 22A(L) (Y2, —xé,t)}

- o o
= wafm + T AD)a=at,) + 2 AL [ —5,)
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B Heterogeneous Consumption Baskets

We provide the system of equations and some derivations of the equilibrium in the efficient

allocation and the decentralized model under HetCB (wy =0, wc=1).

B.1 Efficient Allocation

We derive the economy’s efficient allocation by solving a social planner’s problem that maximizes
the weighted sum of utility of both types of households, subject to the resource and technology

constraints

1 1+ 1- 1+
Cos” NU,tw] . [CC,tU B NC,tv}}

1_
N 1Y)} {wU( A)L—a 1+g¢

{Ch,t;Nn,,Yj,t(i

v (] 1(;) )
o= (f () o)

Vidli) o [ Yuli)

1-A)Nyt+ ANgy =
(=2 N o 7, AtA1y 7, AtAszy

di

where {w},} denotes Pareto weights. First order conditions with respect to Ch ¢, Np ¢, and Yj(4)

are given by

weCai = m (B.1)

wUC[}g = Lo (B.2)

wCNg,t = U3 (B.3)

wUNﬁt = U3 (B.4)

YO 20V () ! B.5
Yy’ 2y CY1(i) 70 =M A, (B.5)
Yy, 23 0 Ya (i) s ! B.6

0 = .
M2 2,t ) 27t(’L) M3 AtAQ,t ( )

where fi1, p2 and pi3 are Lagrange multipliers. According to the last two conditions, Yj(7) should
have a common value, Yj(i) = %, implying no output dispersion within sector in the efficient
J

allocation.
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Simplifying further, the efficient allocation is characterized by

NES = CEy 7 AAry (B.7)
N(?,t(p = Cg,t_gAtAZt (B.8)
NE —
o _ (Z< (B.9)
NUi wy
XCE, = YT, (B.10)
(1-NCF, =Y (B.11)
Y Y
1-NNF, + AN, = L 4 2 B.12
( ) Uit Cit AtALt AtA27t ( )
where E stands for “FEfficient”.
Since the efficient allocation is affected by relative Pareto weights, g—g, we assume that a social

planner is utilitarian (wy = we). Then, the log-linearized system of equations of the efficient

allocation around the deterministic efficient zero-inflation steady state is given by

“g,t = “g,t(z nf)
gongyt + ch,t =ar+aiy
gongt + ch,t =ar+azy
Cg,t = ?JEt
Cg,t = yg;t

n =21 (yry — ar — arp) + 22(yz; — ar — azy)
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The dynamics of variables expressed in terms of exogenous processes are given by
(B.19)

l1—-0
(at + niai + Tlgagﬂg)

E E E
Ny = Ngy = Ny = R
~——

+/-
1 1—0 1 l1—0 1—0
E ¥ ¥ ¥
_ _ - _ ¥ - _r - B.20
Y1t Cct <J 00_4_@)@1& <0 pup— nl)al,t JU+<pn2a2’t ( )
+/+ +/+ —/+
1 pl-0o pl— 1 ¢pl-o0o
E
_ _ - _r _r -z B.21
Yot Ut <U UU+<p> oo o +<a JU+¢n2>a2,t ( )
+/+ —/+ +/+
l1—0 1—0 1—0 1—0 1—0
nft = < _¥ >at +< -z n1> ait . n2 azt (B.22)
' o oo+ o oo+ oo+
+/- +/- —7+
l1-0 ¢pl—-o0o pl-— l1-0 ¢l—-0o
E
_ _r _r - B.23
M2t < o aa—l—gD)a o0+ Lt < o aa+gon2 @2t ( )
J —/+ +)-

+/-
where the signs are when o <1 and o > 1, respectively. The implied wage and relative price are
— By —
= w; ) =

derived as w;” =a;+a1+ and qf =ayt—ag, so we identify heterogeneous real wages, wg,t(
a;+aq; and wgt(: wy’ —q;°) = a;+azy, in the efficient allocation.
B.1.1 Steady State
By assuming A=A;=As = 1, we have symmetric steady state as follows.
Co=Cy=Ng=Ny=1
Yi=Ni=Xand Yo=No=1-\

B.2 Sticky-Price Allocation

We present the system of equations that characterize the first-order approximation of the equi-

librium of the model under sticky-price.

e Consumption baskets (Goods market clearing condition)
cor =Yt (B.24)
Cut = Yot (B.25)
(B.26)

e Euler equation
~ ~ 1~
Yot — Erlyae+1] = _E( i — Ey[mo ] —rf)
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where rf =0 (E[y5; 1] -3

Labor supply schedule of type U households
Oy + oo = W — G (B.27)

Labor supply schedule of type C households
Pt + oy = W (B.28)

Budget constraint of type C households

~ ~ 1—0
Wy +Nog = Y1t + ZQQF (B.29)
Labor market clearing condition
2191, + 2224 = 2100y + 22NUy (B.30)

Phillips curve in sector 1

it = BEm¢41] + (1—a1[i)1(1—a1)&7t (B.31)

Phillips curve in sector 2

1—aof)(1—a2) , .
Tor = BETo 1] + ( 04)2( ) (we — gt (B.32)
Real marginal cost in sector 1
~ o+ -0 g
Wy = + z — B.33
t 1+(py1,t 21+90 a; ( )
Real marginal cost in sector 2
~ o~ 210+¢@ . - l-0 g
Wy — Gt = P— + (o+ -z —_— B.34
e s K (0+)y2 e (B.34)
Relative price
Gt — Q-1+ QF - nt_l =Tt — Tt (B.35)
Monetary policy
U = Gry T+ OroTog + Gy Y1t + Gyolou + 1 (B.36)
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e Exogenous processes

B.37
B.38

a
Gt = PaQt—1 + 0a€y
_ al
A1t = Pa,01,t—1 T Oa1 &

a
a2t = Pan@2,t—1 + Oay&f° B.39

/_\A,_\A
~—  ~— ~— =

Ut = pyai—1 + opE] B.40

B.2.1 Steady State

Steady state is symmetric due to fiscal specifications. Note that the steady state is efficient.

Co=Cy=Nc=Ny=A=A=4,=1
}/1:]\71:)\ and §/2:N2:1—)\

W=Q=1
1
o(1—N)

D:% and Ty=-—

B.3 Flexible-Price Allocation

The system of equations of the equilibrium of the model under flexible-price is the same except
that sectoral Phillips curves are replaced with constant markup or zero real marginal cost gap,
w) =w) —q =0, where N stands for natural or flexible-price allocation. Thus we present the
first-order approximation to the solutions under flexible-price as functions of exogenous processes

E__
or q; =a1t — azt.

. 1-0 ¢
N E
- _ B.41
Y1 pu a+¢Z2Qt ( )
- 1-0 ¢
N E
=— B.42
Yo pu J+@Zl% ( )
1—0o
~N E
Noy = z B.43
Ct ot 244 ( )
1—0
~N E
=— B.44
Ut ot 14 ( )
wY =0 (B.45)
=0 (B.46)
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B.3.1 Steady State

Steady state is the same as in the model sticky-price, and thus efficient.
Co=Cy=Nog=Ny=A=A1=A,=1

Yi=Ni=Xand Yo=No=1-\
W=Q=1

1
D== and Tpy=—
g U Tha N

B.4 Asymmetric redistribution of inflationary pressure

The effects of sectoral output gaps and adjustment terms on dynamics of sectoral inflation are
asymmetric as shown in the Phillips curves rewritten in terms of sectoral output gaps:(1) inflation
in sector 1 is affected only by output gap 1, while (2) inflation in sector 2 is affected by both output
gaps; (3) a relative productivity shock ¢ has the opposite consequences in each sector. (1) and (2)
imply the redistribution of inflationary pressure across sectors as the labor demand is redistributed
across households, and (3) is due to the lack of risk-sharing. We analyze the asymmetry in inflation

dynamics in order.

o+ l1-0
T = BE Ty p41] + “1< d i E)

Y1t + 29— ——
1_|_g0?/1,t 21+<,0 pu gt

21 ot+p ~ ¢ l1-0 g
— BE “1 _ -9
o = BE[ma441] +H2<22901_pr1,t + (0+9) Yo, le—l—tp '

The real wages in the Phillips curves are those in equilibrium that explain how demand or
output gaps affect marginal costs through the labor market and eventually inflation. Thus the
relations of real wages and outputs in equilibrium are derived by labor supply relations and budget
constraints of households, goods market clearing conditions, labor market clearing condition and
production function.

We begin with sector 1 in which the real marginal cost coincides with type C' households’ real
wage gap, w;. According to type C households’ labor supply schedule, their real wage is the ratio
between marginal disutility of labor supply and marginal utility of consumption, or in log, real
wage is marginal disutility of labor supply less marginal utility of consumption in equilibrium.
Since their labor supply has a perfect correlation with their consumption, nc ;= %ylyt considering

the redistribution of labor demand by %yu, we find that the real wage wy is associated only with
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output 1. This is expressed in gaps by

— ~ ~ o+ ~ - .
wy = @ncy — (—ocoy) = gp(l — H_:j)yu + oY1+ + (adjustment term)
o+ p_ .
= + (adjustment term
T (adj )

Next, consider sector 2 in which the real marginal cost coincides with type U households’ real
wage gap, Wy — q. Analogously, type U households’ real wage is their marginal disutility of labor
supply less marginal utility of consumption. Since labor demand is redistributed from type C to
type U, labor supply of the latter is affected by type C households consumption, vy, as well as
their own consumption, y2 ;. Thus the real wage w;—g; is associated with both output 1 and 2.This
is expressed in gaps by
Wy —qt = @ﬁU,t - (_UEU,t) = 90@2,7& - %(ﬁat - th)) - (—UCU,t)

Z1 0+p . ~ .
= + (o+ + (adjustment term
P T (0+ ¢)Ya,t + (adj )

Suppose an increase in output gap 1. On the one hand, HtM households’ real wage should
increase to support a higher consumption in equilibrium, which is in turn associated with an increase
in labor hours assuming o <1. As marginal utility of consumption decreases and marginal disutility
of labor increases, their real wage would increase in equilibrium, leading to higher inflation in sector
1. On the other hand, type U households’ labor hours also increase as labor demand is redistributed.
This raises their marginal disutility of labor and real wage in equilibrium, with inflation in sector 2
also increasing. Now suppose an increase in output gap 2. Since HtM households are not affected
by sector 2, and the labor demanded by sector 2 is filled, in effect, by type U households, their
marginal disutility of labor increases, inducing inflation in sector 2 to rise.

We summarize the analysis as follows:

e Each output gap poses inflationary pressure by a factor “c+¢”: ¢ and —o reflects marginal
disutility of labor gap and marginal utility of consumption gap, with the difference between
them being the real wage gap in equilibrium, through which inflationary pressure is created

in each sector.

[T

e (Marginal utility of consumption channel: “c”) An increase in each sectoral output gap
lowers marginal utility of consumption gap of households who consume goods from that
sector intensively, creating inflationary pressure on its own sector: output gap 1 (output
gap 2) affects type C' (type U) households’ marginal utility of consumption gap creating

65

inflationary pressure on sector 1 (sector 2) by a factor o.

65Unlike the marginal disutility of labor supply channel, there is no redistibution of inflationary pressure,
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e (Marginal disutility of Labor supply channel: “p”) Since outputs are produced by labor
hours that is a source of disutility, an increase in each sectoral output gap can raise marginal
disutility of labor supply of each type of households creating inflationary pressure. How much
each inflationary pressure is distributed to each sector is determined by how labor demanded
by each sector is distributed to each type of household. As labor demand is redistributed
from sector 1 to sector 2 by %yl,t, inflationary pressure is also redistributed by a factor ¢

adjusted by sector size.

Lastly, note that inefficient distribution of inflation occurs, which is represented by the adjust-
ment terms in the Phillips curves that show up as a result of the impossibility. They are similar to
cost-push shocks in that they add stochasticity to inflation dynamics even under zero output gaps
and hence divine coincidence no longer holds, but different in that the former always disappears as
we aggregate sectoral inflation with the economic size of each sector, because they put inflationary
pressure on each sector in the opposite direction but in the same size as much as the consequences
of the lack of risk-sharing (before adjusted for sectoral size). Let us take as an example the case of
a positive shock on sector-specific productivity a;; as seen in Section 2.5.3 and Section 2.5.4. Due
to financial constraints, type C households have to work more and type U households have to work
less than under efficient allocation. Since marginal disutility of labor supply gap is higher (lower)
for type C' (type U) households, their real wage gap that equals to real marginal cost, w; (w;—qy),
and inflation in the sector of consumption, 71+ (m2,), are higher (lower) in equilibrium in the ab-
sence of risk-sharing, implying that inefficient distribution of labor supply translates to inefficient
distribution of inflationary pressure across sectors. As a result, inflation dynamics in both sectors
are amplified if o <1, or subdued if ¢ > 1, considering that the shock leads to a negative output

gap in sector 1 and a positive output gap in sector 2 due to nominal rigidity.

B.5 Wage Elasticity of Labor Hours

Using the example of a household that makes a static decision on consumption and labor supply
given the wage with utility function and budget constraint below in Section 3.3.1, we derive the

wage elasticity of labor hours as below:

W N+ My WN+ M
eny = MW _ 1—o(Cwaar) _ 1-oCwaiar )
TOOWN otro(wim) o+o (i)

Since HtM households depend entirely on wage income (M =0, epr,w < 0), their wage elasticity

because consumption sectors of each type of household is completely differennt. But if we introduce the
general case of heterogeneous consumption baskets where households have common share of consumption,
there will be redistribution of inflationary pressure across households depending on who consumes more
intensively.
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of labor hours would be % However, the unconstrained households have other sources of income,
dividend, which is countercyclical (M >0, ey <0). If o > #m(> 1), the unconstrained
households’ wage elasticity of labor hours would be smaller in absolute terms than that of HtM
(len,witype | = |%| > |en,wiype U]). If not, wage elasticity of labor hours is higher for the uncon-
strained households. But in this case, consumption volatility gets more important as labor hours

gets relatively less volatile than that of consumption with ecw > enw.
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C Homogeneous Consumption Baskets

We provide the system of equations and some derivations of the equilibrium in the efficient

allocation and the decentralized model under HomCB (wy =wc=1).

C.1 Efficient Allocation

As both types of households are of the same preference consuming homogeneous consumption

baskets and under the same economic constraints, the first-best is that consumption and labor

supply are equalized across all the households as if there is a representative household:

ClE,t = Cg,l,t = Cg,l,t
Cg,t = 052,75 = ng,t
nf = ng,t = ”g,t

The log-linearized system of equations of the efficient allocation around the deterministic effi-

cient zero-inflation steady state is given by
E _E E _E
W(Cl,t_ct )+ (1 - W)(CQ,t_Ct )=0
1
onf +acf + E(C{E’t_cf) =ar+ay
1
onf +acf + %(cgt—ctE) =a;+agy
nf + ap +wary + (1—w)agy = cF

The dynamics of variables expressed in terms of exogenous processes are given by

14+¢
E
— + 1—
Ct ot (ar +war + (1-w)ass)
ij,t =cf + (1-w)n(ar; — azy)
gy =cf —wnlai; — azy)
1-0
E
e 1—
ny p (ar +wary + (1—w)agy)
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C.1.1 Steady State

We assume A=A;=A5 = 1, and have symmetric steady state as follows.

Co=Cy=Ng=Ny=1
Yi=N1=C1=Cc1=Cp1=w
Yo=No=Cy=Cc2=Cpa=1-w

C.2 Sticky-Price Allocation

We present the system of equations that characterize the first-order approximation of the equi-

librium of the model under sticky-price.

e Euler equation
~ - 1~
cut — Efcup] = *;(lt — (wEi[m1 1]+ (1—w) Ei[ma 41)) — 7/) (C.13)

where rF =0 (E; [cgtﬂ] _Cg,t)

e Labor supply schedule of type U households
ony s+ ocyr = wr — (1—w)g (C.14)
e Labor supply schedule of type C households
oncy + oy = wy — (1—w)gy (C.15)
e Budget constraint of type C households
Wy — (1—w)@ +nee = coyp (C.16)
e Labor market clearing condition
w1t + (1—w)far = e + (1=N)npye (C.17)
e Phillips curve in sector 1
(I—aif)(l1—a1)

it = BEm¢41] + . Wt (C.18)
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Phillips curve in sector 2

1—042,3 1—042 ~ -~
Tt = BE[ma 1] + ( 032( ) (W — qz) (C.19)
e Real marginal cost in sector 1
wy = (0+ @)yt + (1—w)q: (C.20)
e Real marginal cost in sector 2
We—qr = (0+ Q)Y — Wt (C.21)
e Relative price
Gt — Gi—1 + nt - QF_1 =Tt — Tt (C.22)
e Monetary policy
Zt = Qbm T+ ¢7r27r2,t + ¢y1 Y1, + ¢y2y2,t + 1 (023)
e Exogenous processes
ar = Pali—1 + O} (C.24)
art = Pa,ati—1 + 0q 65" (C.25)
a2t = Par@2,t—1 + Oayef’ (C.26)
Ut = pyai—1 + opE] (C.27)

C.2.1 Steady State

Steady state is symmetric due to fiscal specifications. Note that the steady state is efficient.

Co=Cy=Neg=Ny=A=A1=A>=1
Yi=N1=C1=Cc1=Cp1=w
YQZNQZCQZCCQ:CU,Q:].—W

W=Q=1
1
o(1—\)

1
DZ@ and Ty=—
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C.3 Flexible-Price Allocation

The system of equations of the equilibrium of the model under flexible-price is the same except
that sectoral Phillips curves are replaced with constant markup or zero real marginal cost gap,
w) =w) —g¥ =0, where N stands for natural or flexible-price allocation. Unlike the HetCB case,
flexible-price allocation under HomCB achieves the efficient allocation closing both output gaps

and labor supply gaps.

~N _ ~N _ ~N ~N ~N _ ~N
Y1ig = Yo —Noy =Ny — W =G — 0 (C.28)

) )

C.3.1 Steady State

Steady state is the same as in the model sticky-price, and thus efficient.

Co=Cy=Nc=Ny=A=A1=4,=1
Y1:N1:)\ and }/'2:]\]2:1_)\

W=@=1
1 1
D_§ and TU__G(l—)\)
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Figure D.1: Redistributive effects of inflation targeting policy (under no inequality)
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